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ALLOWANCE FOR ANTENNA DIRECTIVITY PATTERN 
IN THE CALCULATION OF RADIO WAVE 


DIFFRACTION AROUND THE EARTH 


N.A. Armand and B.A. Vvedenskiy 


The diffraction field of a directional antenna with its plane normal to the earth's surface 
in investigated. It is shown that the directional properties of a low-lying antenna can be 
accounted for in the calculation of the diffraction field by multiplying the dipole field equa- 
tions by the antenna directive gain. In the case of a high-lying antenna the diffraction field 
is determined by the part of the energy flux radiated from the antenna in the horizontal 
direction. 


INTRODUCTION 


In practical calculations of the diffraction of radio waves around the earth, it is custom- 
ary, when a dipole source (electric or magnetic) is used, to account for the directional 
properties of the real antenna by simply multiplying the equations for the radiated dipole 
power flux by the antenna directive gain * 

It is not obvious, however, that such an operation is correct. In fact, in the penumbral 
zone, and particularly in the shadow zone, the character of the field is determined to a great 
degree by the properties of the earth's surface, and consequently the individual properties 
of different antennas should average out to some degree. 

Any antenna can be represented as a set of dipoles. Therefore, the field of any antenna 
is expressed either as a sum or as an integral of the fields of these dipoles. We can confine 
ourselves to the case of a vertical elementary magnetic dipole, because the calculations 
for such a dipole can always be appreciably simplified in the UHF band, by assuming the 
earth's surface to be perfectly conducting. 

The following suggests a simple method of calculating the diffraction field of a direc- 
tional antenna, the gist of which reduces to an integration (or summation) of the known 
diffraction formulas for the dipole field over the totality of the dipoles comprising the 
antenna. We shall stop first, however, to study several formulas pertaining to the proper- 
ties of a directional antenna in free space. 


1, PRELIMINARY REMARK 


The fields E and H of an antenna in free space (we consider a rectangular antenna with 
dimensions d; and d,), with the magnetic moment M uniformly distributed over the aperture, 
obey, as is well known [1], the following formula 


*The antenna directive gain is defined as the ratio of the power flux radiated by the antenna 
in the principal direction to the power flux of an isotropic radiator, the directivity coefficient 
being based on the radiating properties of the antenna in free space. 
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kde 
eikD sin ( sin °) sin (= sin ) 
Eee eee ea D sin @ sin p ; (1) ; 


where k = 27/X is the wave number; D — distance from the center of the antenna to the 
point of reception; © — azimuth angle; » — elevation angle. 
In the principal direction (0 = w = 0) we have f 


ikD 
E=H =k2Mdid2 5 


The Poynting vector in this direction is 


3 
ee: <.  s k4| M |? dae : 
BERS Ee Ott (3) 
On the other hand, in the same direction 


where P is the radiated power and G is the antenna directive power gain relative to an 


isotropic radiator. 
A comparison of (3) with (4) yields 
ee 
Cc 
eaeay (5) 


|M| = 


2. INFLUENCE OF ANTENNA DIRECTIVITY IN THE HORIZONTAL PLANE 


Following V.A. Fok [2] , we write for the field of a vertical magnetic dipole 


H,=E k2M ome V 
Ly = a yf ee 1 
2 °aVosing (@& Yi5 Yo), 


(6) 


where a — radius of the earth (agg — equivalent radius of the earth) ; 9 — polar angle be- 
tween the directions from the center of the earth to the transmitter and receiver (angular 
distance) ; My — dipole moment; V(x, yi, y») — attenuation function, which is given in 
the shadow zone by the single term 


V (2, yr, y2) = — 2e=4 Vrxe"g (ys) g (ys), (7) 
where* 
aot ir (eye 
g (y) Rep (8) 
L=mM — : Des: 
eq 
kh ka, "fs (9) 
shee ee ew eereq\ i. 
YIP hs m= (24) s 
D — distance between the corresponding points; hy — height of transmitter; h, — height 
of receiver (corresponding to these heights are y; and yz); w,(t - y) — Airy functions; 


t = 2.338 ei7/3 — the first root of the Airy function, 


*We put q = ~, which corresponds to our case. 
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In the case of a rectangular antenna with its plane normal to the earth's surface, we 
have in lieu of (6) 
Ne 


H, =£,= 


a 
—d,/2 


d,/2 4 
RM ¢ eikay 
\ Vysiny #1 Ve Yy Yo) dh. (10) 


here 7; and 7 are the heights of the upper and lower edges of the antenna (no - m = de) ; 


M — density of magnetic moment; y — angular distance from the point of integration to the 
point of reception; 


cos Y = Sin 4 sin a cos (p — g’) + cos 6 cosa; (11) 


‘6 — angular distance from the point of reception to the center of the antenna; a — angular 
distance of the integration point; @ — azimuth of the reception point; ~' — azimuth of the 
integration point. 

Inasmuch as the angles 8, a, and y are small, we can obtain from (11) 


y~V 2 +a? — 20a cos (p — g’) (12) 

or for p = ay, D=a0, & = aw 
p = VD? + & — 2DE cos @ — F). (13) 

Inasmuch as D > dj, we have 
p =D — Ecos (p — q’). (14) 


The first integration in (10) yields 


. | kdi cos (P— 9’) ] 4, 
(pen spore’ ia be snl 2 (ve Yas Yo) ah 1 
° D cos (P— 9) » Yrs Yo) dh. (15) 


ur 


Since the azimuth of the point of integration can be set equal to 7/2, we have 


kD sin jee ae Me | he 

D sin @ \v (z, yr, y2) dh. (16) 
th 

Comparison of this formula with (1) leads to the conclusion that the directional properties 

of the antenna in the horizontal plane are described by one and the same function 


; (= sin @ 
sin ==) 
both in free space and in the case of diffraction. “sing _ 
Consequently, the directivity of antennas in the horizontal plane is maintained in the 


case of diffraction around the earth. In the particular case of the principal direction (6 = 0) 
[see (5)] wé have 


H, = E,=2kM 


apa pikD 

be 2a i \ V (a, y1, y2) dh. (17) 
mM 
We have assumed here, strictly speaking, that under free-space conditions the antenna 

(with the magnetic moment or field distributed uniformly over the aperture) radiates the same 
amount of power. This assumption is justified if the antenna is raised above the earth's 
surface to a height exceeding several wavelengths.* In the case of UHF antennas this 
condition is almost always satisfied. 


H, = E,= 


*See, for example, [3], pp 75 — 78, where a flat earth is discussed. It is reasonable 
to assume that the deductions of [3] remain valid in the case of a spherical earth. 
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3, INFLUENCE OF ANTENNA DIRECTIVITY IN THE VERTICAL PLANE 


The effect of antenna directivity in the vertical plane is more complicated. The main 
difficulty lies here in the fact that the attenuation function V(x, y1, y2) cannot be integrated 


Z, 
in general form, since the analytic form of the integral { w(t)dt is unknown, where w(t) is 


the Airy function. This integration can, however, be carried out numerically, since tables 
of the height factors are available in [4]. 
We use formula (7). Then (17) is rewritten as 
ns ikD + int ns 
Vee V xa g (ys)\ g (ys) dh (18 


Hf, 3 E, a ds Cc D 4) 


mn 
or, if we change to a new integration variable y by means of (9) , 


U 


ikD4+* =-Hint 


2 
wg 19 
H, = By= — 2 PEt VEN gy) dy (ya = Psalm). ( 
Ya 2 uv, 
The quantity 
vu, 
oe 
[= \ gy) dy, (20 


%—, %, 
uy 
which is equal to the height factor of the dipole averaged over the height, has the meaning of 
an antenna height factor. 

Comparison of (20) with (7) leads to the conclusion that in our case the ratio of the anten 
dipole fields is not merely VG, as in free space, but VGI/g(ya) , where y, is the equivalent 
dipole height, which naturally coincides with the average equivalent antenna height [yA = 
= 1/2(y}- yj). The appearance of the correction factor 

Up 
§ g@)ay 
1 vy 
~~ 8a) (ys —9y) 8 (Ya) 


(21 


is due to the diffraction. 

We note that the ratio of the fields of a directional antenna and of a dipole is independent 
in the diffraction zone of the height of the receiving antenna. This does not take place in 
free space and is due to the fact that the field structure in the diffraction zone depends only o1 
the form and electric properties of the earth's surface. Mathematically this is brought about 
by the fact that we have used a single-term diffraction formula for the calculations. As 
we move from the shadow zone to the penumbral zone, we must include more and more 
terms of the diffraction series in the calculation of the field intensity. Consequently, the 
ratio of the antenna to dipole fields will depend in the penumbral and shadow zones on the 
height of the reception point. 

To calculate the correction factor L, we have numerically integrated the height factor 
g(y) with the aid of the tables of [4], and tabulated the integral 

U 
Kiy)= \ g (t) dt. (22 


0 


The integration was by the trapezoidal formula in steps of 0.1* The values of the integral 
(22) are listed in the table. 


Calculations based on the tabulated values show that when the equivalent height of the 
antenna y', is changed from zero to 4.5 (the actual height changes approximately, for examp 


*Check calculations by Simpson's rule were made by G.B. Linkovskiy, to whom the 
authors are sincerely grateful. These calculations agree with our own within a fraction of 1% 
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from zero to 450 meters at A = 300 cm and from zero 
to 17 meters when A = 3 cm) and when the vertical an- 
tenna dimension y» - y; is changed from 0 to 1 (the ac- 
tual dimension of the antenna, for example, changes 
from 0 to 100 meters at X = 300 cm and from 0 to 4 
meters at ) = 3 cm), the factor L differs little from 
unity (in our calculation the minimum value of L was 
0.86). 

The result obtained signifies that, within the indi- 
_ cated limits of equivalent heights, the directional prop- 
erties of the antennas can be accounted for, with suffi- 
cient practical accuracy, by multiplying the dipole dif- 
fraction formulas by the antenna directivity gain. Thus, 
the simple method of accounting for the directional prop- 
erties of antennas, referred to at the start of the article, 
is justified for these heights. The conditions change 
somewhat for high antennas (see below) . 


4, ON THE POSSIBILITY OF INTEGRATING THE 
HEIGHT FACTOR 


The integral (22) of the height factor canbe expressed 
in terms of known functions if the antenna heights are 
relatively small. This follows from the Debye (trigono- 
metric) approximation of the height factors, used in 
earlier papers on the diffraction of radio waves around 
the earth [5,6,7] . We can arrive at this approximation 


from our own formulas in the following manner. Since 
the height factor satisfies the Airy equation [8] 
d*g 
apr tse) 30 (23) 
with initial conditions 
g (0) = 0, é 
re (0) Al (24) 


we can, by solving equation (23) with initial conditions 
(24) by the WKB method (see, for example, [9,10]), 
obtain 


3 2 3 
sin [s Gh Fo 
EG) = 4 (25) 
VH)Y—4) 


It is known that this approximation is satisfactory 
in practice at relatively small antenna heights. 
In this case 


¥ sin! 
K (¥y) =\ ss 

0 VEnG—» 
If we make in this integral the substitution 


a Vict 3) 
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Bago Seo 
4 


Table 


Values of K(y} calculated from (22) 


dé. 


ImK (y) 


ReK (y) 


131 
312 
365 
309 
17 

042 
199 
343 
390 
286 
974 


nw RR Re eR Re ee 


898 | —3 
010 | —4 
886 | —5 
549 | —5 


—5 
—6 
—6 
—7 
—7 
—6 
—6 
—5 
—)d 
—3 
—2 


| Rex (y) 


¥ 


ImK (y) 


y 


ImK (y) 


ReK (y) 


vu 


ImK (y) 


ReK (y) 


y 


Comma designates decimal point 


Note: 


(26) 


(26) is transformed to 


K (y) = 


V2 V 20-1 a 
7 \ sin (t? — = (— #)’4] dv. 
Ves V 20% 
Since the function 


F (2) = \etde (29) 


0 
has been tabulated in the complex plane [11,12,13], the calculation of the integral (28) 
presents no difficulty. Such a calculation, however, is more cumbersome than a direct 
numerical integration of the height factors. 


5. CASE OF LARGE HEIGHTS 
The case of large heights, more accurately, the case when 


YA > tl, (30) 


calls for a special examination. The inequality (30) enables us to calculate the correction 
factor L with the aid of the asymptotic representation of the Airy function [8] 


et G2 iy nth 
e 3 


it (=) ee (31) 
Vai 
and yields approximately (see appendix) negnipe yy 
[e—wWVYa 
sin "EM On tGaLe (32) 
i aoe 
(Yo— Y)V UA 
2 
This formula has been derived subject to the satisfaction of the set of inequalities 
d2<2ha, (33) 
3 
ha Sq V8(a,4)" (34) 
If we use relations (9) and express the reduced heights by the actual ones, we obtain 
; } 2h, 3 
(Y2—y1) V ya= kde eee ’ eu) 


but 


Thy 
/ axsin Ps (36) 
eq 


where £ is the angle between the normal to the antenna plane and the horizontal plane passing 
through the center of the antenna. Thus, the correction factor 


Aes , 
Lo kd sin B (37) 
2 
is none other than the directivity pattern of the antenna in the vertical plane, plotted for 
the angle 8. This means that the intensity of the diffraction field is determined by that 
part of the field which is radiated by the antenna in the horizontal direction. 
When sin 8 = 27/kd2 = X/d2 , according to formula (37), L should vanish, but actually 
more accurate calculations result in a finite, though small quantity 
ARE 
(see appendix). The fact that the field falls almost to zero means that the principal lobe 
of the directivity pattern no longer is "tangent" to the earth's surface. The fact that a 
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finite quantity on the order of (38) is obtained in lieu of zero is due to purely diffraction 
effects and is connected with the fact that when the principal lobe "breaks away" from the 
earth's surface, the field due to the side lobes of the directivity pattern comes into play 
inthe diffraction zone. 


CONCLUSION 


1. The directional properties of an antenna in the horizontal plane are retained in the 
case of diffraction around the earth. 

2. Theheight profiles of fields of antennas with different directivities are similar 
to each other in the diffraction zone. 

The dfrectional properties of relatively low-lying antennas can be taken into account for the 
diffraction field by simply multiplying the formulas for the field intensity due to the ele- 
mentary dipole by the directivity of the antenna in free space. 

In the case of high-lying antennas, the diffraction field of the dipole must be multiplied 
by the antenna directivity gain and by its directivity pattern in the vertical plane, taken for 
the value of the angle between the antenna axis and the horizontal plane passed through 
the center of the antenna. 

This situation is a specific illustration of the local-field principle, according to which 
the field in the diffraction zone is determined by the ray tangent to the earth's surface. 

We have carried out the investigations for a transmitting antenna. By the reciprocity 
theorem, these deductions hold also for a receiving antenna. 


APPENDIX 


At large values of y the asymptotic representation (31) is valid and therefore 


Yo 
Wace 
4 ’ ae, ae ae 
Gn See Eh Yaidss got \ oo dy. 
Y,—Y) &(Y tye) F 
( 2 1) (Ya) 2 1 vu Vy ar 
By the substitution 
D 4 
= = (Qy —t)’* 
fe G-9 
this expression can be transformed to Z 
. 2 3 
zy 4 iF wa)? _ 
2 Ve y, —le mh 
Le 3V aes \ eat, 
Yo— Vy oF 
where a 
Piney: 3/ 
ta=YV (Yy.9—#)"*. 
When |x| > 1, the integral 
Cc 
\ ef de 
x 
has an asymptotic expansion 
e Aiea wl Betas 
{E23 
\ e UR Td aioe lie ae pls en 


Therefore, when |t;,2|>> 1 


2 ’ 3 Ay, te 3 
4 t= (y—t/e ij —t)/e 
et 8 
V¥a t miswaris D 3 Zz A 3 1 
Gh 


pe a 


Inasmuch as : ; 
Yo— Yi 


Wo= Va + Teen? 
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we can, by putting yy, > (y> - yi) [which is tantamount to inequality (33)], obtain 


: he 91 yo 
2 yp —Nhme Us — 1) 2 D : Vya—? 


Therefore 


sin 


iets ov a = I 


2 
(Yys—y,) Vva—t 
2 
If we put furthermore ya >t, corresponding to inequality (34), we can get 


(¥— 9) V¥a | sin 2D VA 


L~ 


sin 
L~ 


2 vm t 2 4 (3-9) V4 
7 7 — 7 7 == cos 5 
(y,— 9) Va Ya | YWy— 2 2 ‘ 


Discarding the second term in this formula, we obtain, the needed formula (32). In 
particular, when (y> = yi) VYA = 27 we obtain in accordance with (38) 


~t 


{ 
L= Per . 
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INVESTIGATION OF SPACE-TIME CORRELATIONS OF 
THE FIELD LEVEL OF CENTIMETER WAVES 
PROPAGATING IN A TURBULENT ATMOSPHERE 


P. Ye. Kubasov 


Results are given of an experimental investigation of the space-time correlation charac- 
teristics of the fluctuations of the field of a 3-cm wave propagating over the earth's surface 
in the direct visibility zone. Measurements of the field fluctuations at two points with 
variable base carried out in June — December 1959, were used to determine the normalized 
spatial and temporal correlation functions of the field level fluctuations; these functions 
were analyzed and estimates of the correlation radii obtained. 


INTRODUCTION 


As is well known, the level of a UHF radio signal propagating in a medium with random 
inhomogeneities does not remain constant either in time or in space. 

Important characteristics that describe the statistical properties of such a signal are 
the spatial correlation function 


f (Pi, Pe, t) = AE (Pi, t) AE (Pa, t) = LE (Pi, t) — E(Pi, t)) x 
x [E (Pe, t) —E (Ps, D1 (1) 


and the temporal correlation function 
fi (P, t, t) = AE (P, t) AE (P,t + 1) = [E(P,t) —E@, 9) x 
< [Ee (Pyt 20) — 2 (PSs) (2) 


where E(P;,t) and E(P»,t) are the field amplitudes at the points P; and P, of the region of 
space under consideration at the instant of time t (the superior bar denotes statistical 
averaging) . 

If the fluctuating process under consideration is stationary in time and homogeneous in 
space, then e 


ip UPig PRT) = (Big 2D), in Wx 8) = ae 
Normalizing in (1) and (2) the quantities 
o? = f (Pi, Ps) p,=p,andoy = fi (t):=0, 

we obtain expressions for the spatial and temporal correlation coefficients of the field 
amplitude fluctuations 

ON OL emcee rep (3) 

pp (t) = 2, (4) 

oF 


where T is the vector joining the points P; and P», in the region of space under consideration, 
and T is the time shift. 

The spatial and temporal correlations of the field amplitude fluctuations, defined by (8) 
and (4), depend, as is known, on the character of the correlations between the fluctuations 
of the refractive index of the medium. If the fluctuations of the refractive index n of the 
medium can be described by the correlation function 


Jn (7) = An? exp (— r?/a”), (5) 


where An? = (n —7)?; and a is the inhomogeneity scale, then [1] 
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1 
pe alee a ©) 
Sea 4—+ are tgD 
WY WE 
D—i’ 


Here Ej is the integral exponential function; e, = 


3 oe /a* . D = 4L/ka®, k = 2n/0; L — length of route 
2 os 


Let us assume that the signal level fluctuations are due exclusively to the transport 
of the inhomogeneities (i.e., we assume that we canneglect other factors influencing the 
field fluctuation, such as heat conduction, diffusion, or turbulence) . It turns out here 
that the problem of correlation and time can be reduced to an investigation of the spatial 
correlation properties of the field amplitude fluctuations [1]. Thus, if the spatial correlation 
pE(l) is described by a formulain the form (6), then the temporal correlation of the field 
amplitude fluctuations pE(T) can be represented as 

vit 


4 
e % — FIL; (ea) — &; (41)] 


\ 


pr (t) = - 1 (7) 
1—p arctg D 
The last expression can be obtained from (6) by substituting for / the quantity ° 
Li = 0%; (8) 


where v, — is the transverse component of the transport velocity. When D > 1 the expres- 
sion for pE(T) simplifies and assumes the form 


pe(t)~e “. (7") 
Introducing the definition of the temporal correlation interval 
To = = ’ (9) 
we have 
pe(t) =e *. (7") 


It follows from (9) that the correlation interval T) depends on the transverse component of - 
inhomogeneity transport velocity. 

An analysis of (6) shows [1] that the correlation when the antennas are transversely 
separated extends over a distance on the order of the correlation radius of the refractive 
index of the medium for all three ranges of values of the wave parameter D. 


1, EXPERIMENTAL SETUP 


The described experimental investigations were carried out over a route 36 km long, 
extending over aterrain of medium ruggedness. The transmitter pulse power was 65kw, 
the pulse repetition rate was 577 pulses/sec, the pulse duration was 1 microsecond, and the 
carrier frequency was 9,370 Mc. The radiating system was a parabolic antenna 0.7 m in 
diameter with symmetrical mean) lobe aperture amounting to approximately 3° at the 
half-power points. The polarization of the radiated waves was horizontal. The height 
of the transmitting antenna above the earth's surface was approximately 40 meters. 

The receiving antennas were pyramidal horns with directivity pattern approximately 
15° in the H plane and approximately 18° inthe Eplane. In many cases rectangular wave- 
guide sections were used as receiving antennas. The antenna was so constructed that the 
separation between receiving elements could be varied from 4 to 200 cm, and the antennas 
could be oriented and secured in space. Theheight of the antennas at the reception point 
was approximately 4 meters above the earth's surface. 

The quantities investigated on the receiving end of the route were the fluctuations of 
the signal amplitude. Reception was with two superheterodyne receivers with bandwidth 
4 Mc and sensitivity 70 dbm. The power amplitude characteristic of the receivers was linear. 
To check the stability of the receiver system parameters, the characteristic was periodically 
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calibrated against a standard signal generator. 

The envelope of the amplitude of the received signal produced at the receiver output was 
photographed on motion picture film witha MPO-2 oscillograph. Depending on the character 
of the fluctuations, the film was driven at 2 or 4 mm/sec. Examples of the recorded signals 
are shown in Figure 1. The resultant oscillograms were processed statistically. The 
receiver output signal was monitored with a cathode-ray oscilloscope. 


oof oe a é e We cn 


Figure 1. Sample recordings of field level variations. 


3, RESULTS OF EXPERIMENTS AND ANALYSIS OF SPATIAL 
AND TEMPORAL CORRELATION CURVES 


The envelopes of the output signals of the two receivers were recorded simultaneously 
on a common film. The recording time for each separation base was 3 — 4 minutes. To 
calculate the correlation coefficients, some 180 — 240 pairs of points, spaced T = 1 sec. 
apart, were chosen on each portion of film corresponding to a definite separation base. 
The experimental correlation curves were used to determine for each run the radii of the 
spatial (/)) and temporal (1m) correlations, taken at the level pE(/) =PR(T) = 0.5. 
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a) Analysis of spatial correlation curves. The results of the statistical processing of 
20 runs of measurement of the spatial correlation with the antennas horizontally separated 


transverse to the route are listed in Table 1 and shown in the summary plot, Figure 2. 


Table 1 
| | 
Run be run bes Run te 
meters meters meters 
29 VI 1959 16 IN 1959 ! 11 XI 1959 
17101750 0.2 1550— 165" Oed> 16901790 0.8 
30 VI 1959 17 IX 1959 13 XI 1959 
40801 120 0.3 g20__4. 20 0.5 16°—179 OR 
4 VII 1959 17 1X 1959 12 XII 1959 
44101520 0.4 1315— 139° 0.2 20802120 0.8 
1 VII 1959 27 X 1959 13 XII 1959 
4 700__4750 0.2 15801 63° (),2 545635 Of3o 
2 VII 1959 30 X 1959 13 XII 1959 
1Q00—1 05° 0.4 1090 J [00 0,6 23002385 0.6 
2 VII 1959 30 X 1959 13—14 XII 1959 
47904 750 0.2 42001300 | 0.5 2340_()30 0.5 
16 1X 1959 ONC) = 
1290.4 300 Onv {500 — | 600 — _ _— 


It is difficult to fit the experimental data of each individual run to some correlation 
function of definite form for the spread in the experimental points is considerable. A 
certain idea of the general form of the spatial correlation relationships can be gained 


0 10 20 JO 40 Ua 


Figure 2. Spatial correlation for transversely spaced receiving antennas: 1 — 
experimental data; 2 — theoretical curve Py (Z) = exp (-1 /a) ; 3 — theoretical 
curve pF (/) = exp (-12/a?). 


from an examination of the summary plot, Figure 2, on which the experimental points, an 
exponential, and the Gaussian curve are represented by the circle, solid line, and dashed 
line, respectively. In the construction of both curves, the value of a was chosen to be the 
radius of the spatial correlation /), obtained from experiment. It is seen from Figure 2 
that the general course of the distribution of the experimental points is closer to exponentia 
than to Gaussian. The measurement results, listed in Table 1 and shown in Figure 2, 
show that the values of the correlation radius at a horizontal spacing of the antenna trans- 
verse to the route range from 0.2 to 0.8 meters, i.e., the correlation vanishes as a rule 
at a distance 70 — 25 wavelengths, confirming the hypothesis advanced in [2]. The 
aver AES over 20 measurement runs yields for the transverse-correlation radius a value 
0 = 0.5 m. | 

Inasmuch as very little experimental data on the spatial correlation of the UHF radio 
signal amplitude fluctuations in direct line of sight visibility have been published to date. 


1094 


(in addition to the already cited reference [2], we know only of one paper [8], in which ex- 
perimental values o3;\ = 0.97 and-po;A= 0.4 are given for \ = 7m), it is of certain interest 
_ to compare these data with the results obtained in UHF tropospheric scatter investigations. 
Similar information is found, in particular, in references [3,4, 7], from which it follows that 
| the transverse correlation beyond the horizon vanishes at distances on the order of 10 — 
_ 35 wavelengths. A similar comparison enables us, apparently, to assume that the average 
| values of the transverse correlation radius in the propagation of UHF under direct visibility 
conditions and beyond the horizon, expressed in wavelengths, are quantities of the same 
order of magnitude. 
b) Analysis of the temporal correlation curves. The results of statistical processing 
__and calculations on 26 runs of measurements of the temporal correlation are listed in 


Table 2 and are illustrated in Figures 3 — 5. An analysis of the course of the temporal 
correlation curves shows the following. 


0 2 4 6 6 T, sec U 1 4 3 4 Ti, SCC 
Figure 3. Dependence of rate of decrease Figure 4. Main types of temporal correla- 
in temporal correlation curves on the trans- tion curves. Experimental curves: 1— first 
verse component of the wind velocity. type (29 June 1959, 17:10 — 17:50); 2 — sec- 


ond type (30 June 1959, 10:30 — 11:20) ; 3 — 
third type (3 July 1959, 10:00 — 10:50) ; 
1. Aclear-cut dependence of the rate of theoretical curves: 
fall-off of the curves on the transverse com- 
ponent of the wind velocity v, : the rate of Ill — straight line. 
decrease increases with increasing wind ve- 
locity. Examples of temporal correlation curves for different values of the transverse 
component of wind velocity are shown in Figure 3. 
2. Three basic types of correlation curves; the course of the first type, within a 
correlation-coefficient range from 1.0 to 0.5, can be satisfactorily approximated by 
i/t 
12f +30 


Pas. ig hp! Sis sovo pHavewn af tr 7 
Figure 5. Dependence of transverse j,| __— =e aie 
component of wind velocity on the re- — 
ciprocal of the temporal correlation 6 
radius. 
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an exponential curve. The second curve can be approximated with a Gaussian curve and 
the third with a straight line (within the same limits). Examples illustrating these curves 
are shown in Figure 4. The theoretical curves on the same figure have been plotted 


Table 2 
[uN oth ny Beery R LD Ut ROIs DRY OR EG ie ee 
Run v M/sec|t. sec |!), mM Run | v|.M sec} sec} /), mM 
Vv 171X 1959 
ee 2.5 Eee) BO g20_| (20 3,8 1.75 | 6.6 
30 VI 19259 171X 1959 
1014 0 1.9 1.9 | 3.6 4.2204 300 2.9 1.9 | 5.5 
{ VII 1959 171X 1959 
1 410__4 520 A® ONcuieeses 43151350 2.5 DEG MESO 
{VII 1959 27 X 1959 i 
17004750 3.5 fede leeoeS 45301 6%0 1.7 Dd e3t5 
2VII 1959 30 X 1959 
1,004 (050 4.7 1.0 | 4.7 4000—4400 1.3 1.4 | 41.8 
2VII 1959 30. X 1959 > 
{7004 750 3.0 4.0 | 3.0 4.2004 300 14 122 aliecles 
3 VII 1959 41 X1 1959 
40001 790 0.9 SeSe lu o.4 4600470 0.5 2.9 | 4.5 
3 VII 1959 12 XI 1959 
14301520 1.2 4.0 | 4.8 4600— {700 0.8 IG | BE 
3 VII 1959 13 XI 1959 . 
{7001730 0.9 6.0 | 5.4 16951795 OL75e le SsOnn eee 
8 VII 1959 | 12 X11 1959 
1430__1520 4.3 Dy El Gyo) 20302120 0.8 fede ie? 
10 1X 1959 13 X11 1959 
4.000400 2.2 Ds || bias 545685 1.4 Ow A Oss 
16 1X 1959 13 XII 1959 
4.2001 300 2.9 all Ty 23009335 2.4 Or Ih Doe 
46 1X 1959 {3—14 XII 1959 
1.5504 650 2.0 as ff He 9340__()30 2.4 0:8 | 4.9 


values of the temporal correlation radius 7 taken from the experimental curves of the 
corresponding runs at the level pp(T) = 0.5. Most of the experimental curves (17 runs) 
are close to the first type, four curves are close to the second and five to the third. 

As noted earlier, the assumption that the fluctuations of the signal level are due 
only to the transport of the inhomogeneities enables us to reduce the time-correlation 
problem to a space-correlation problem [in accordance with formula (8)]. The values of 
l, calculated for values of T equal to the radius of the temporal correlation over the 
level py(T) = 0.5. are shown in Table 2 and Figure 5. The latter is a plot of v, vs. 
1/t). The asterisks denote the experimental points. The line 


1 
o£) = 04 vy +042, 


which is the regression line of 1/T) on v , , has been plotted by the method of least squares 
[5] ; the two lines parallel to the regression line delineate a spread in 1/Ty equal to three 
times the dispersion (+ 30) . 

An analysis of Table 2 and Figure 5 leads to the following: 

1. In spite of the considerable scatter in the points, which is mostly the consequence 
of low accuracy in the measurement of the wind data, a correlation is observed between v 
and 1/Ty. The presence of such a correlation is indicated also by the dependence of the 
course of the temporal correlation curves on the transverse wind-velocity component, 
plotted in Figure 4. 

2. The values of /,, calculated on the basis of (8) over the level op(T) = 0.5, 
eae nearly equal and on the order of several meters. An average over all the 26 runs 
yields 


i aes 


3. Considerable seasonal variations in | , are observed. Thus, whereas the average 
value of /, in June-September is on the order of 4.6 meters, it amounts to two meters in 
the fall-winter period. 

4. The regression lines do not pass through the origin, as expected on the basis of 
the assumption made concerning the causes of the signal fluctuation. Such a discrepancy 
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can be qualitatively explained by recognizing that when we determinel, by formula (8) 

we take into account only the horizontal part of the transverse wind-velocity component 

and disregard the vertical transfer of air masses due to convection. In addition, considerable 
contributions to the signal fluctuations may be made also by the longitudinal wind-velocity 
component [6], and also by the random motion of the inhomogeneities themselves. 

c) Comparison of spatial and temporal correlation curves. In a comparison of the 
values of /), obtained from the spatial correlation curves, with the corresponding values 
Z , calculated on the basis of (8) from the temporal curves over the level pp(T) = 0.5, 
an appreciable difference between the two is observed, the latter being 8 — 10 times 
greater than the former. Possible causes of this disparity may be as follows. 

1. The effect of the multiple-path field pattern in spatially separated reception. 

As noted in [9 — 12], the presence of an interface, which results in an interference 
field pattern, can cause the experimental radio signal fluctuation characteristics obtained 
under these conditions to differ greatly from the corresponding values calculated for a 
medium without boundary. 

The character of the route used for the experiment reported here give grounds for 
assuming that the reflection was negligible over the greatest part of the route, with the 
exception of a portion of the terrain immediately adjacent to the receiving point. 

Making use of published data and taking account of the fact that the transverse correlation 
radii have been determined from an experimental measurement of the phase at a wavelength 
A=10cm [9,10], it can be assumed that the transverse correlation radii of the ampli- 
tude fluctuation (}<« VAL _) whichwe obtain for X= 3 cm are in satisfactoryagreement 
with the results of the preceding investigations. We note that noclear-cut interference 
field pattern was observed in our experiment, for the relative dispersions change by 
not more than 1.5 when the mobile antenna was displaced within the limits of the maximum 
separation base. 

2. Failure to take into account the random motion of the inhomogeneities themselves; 
in this case the rate of attenuation of the correlation relations may increase. 

In conclusion, I take this pleasant opportunity to express sincere gratitude to A.A. 
Semenov and G.A. Karpeyev for valuable advice and help in the work, and also to the 
entire staff of the Department of Electromagnetic Wave Propagation for help in perform- 
ance of the experiment and processing of the measurement results. 
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STATISTICAL ANALYSIS OF OPTIMAL RESOLUTION 


Ya.D. Shirman 


The possibility is investigated of resolving between primary and secondary radio-wave 
emitters in the presence of noise from thermal radio emission. It is assumed that the 
resolution is based on data concerning the temporal field distribution on a segment of a straigh 
line and that the dimension of the segment is large compared with the maximum wavelength 
of the investigated oscillations. The coeffcient of energy utilization and the law of optimal 
processing in resolution are found. Examples are given of the application of the analysis 
results to the case of angular resolution. 


INTRODUCTION 


The operation of many electronic devices can be described as the detection of primary or 
secondary radio wave emitters. We shall assume that two objects to be detected are resolved 
if the presence of one of these objects does not greatly deteriorate the possibility of detecting 
the second object. One of the causes of difficulty in determining accurately the distribution 
of radiating objects is the presence of thermal radiation, which limits the possibilities of 
detection and resolution of objects even if the receiver is practically noiseless. In view of 
the random character of the interfering oscillations and of the individual parameters of the 
resolved signals (for example, amplitude and phase) , the problems of detection and resolu- 
tion are statistical, and the operation of devices for optimal detection and resolution reduces 
to an analysis of the distribution of the field components at different points of the antenna 
aperture as functions of the time. 

Thus, not only the receiver but the antenna itself are considered as an element of a 
computer that solves the problem of the most probable distribution of radiators. This 
point of view is illustrated below by means of a very simple example. It is assumed that 
the resolution is effected by an analysis of the field components as functions of the time 
within a stationary segment of the line -1 /2 < x < 1/2. Each of the field components is 
the result of a superposition of a 6-correlated thermal radiation and radiation from the 
objects to be resolved. (the effect of the internal receiver noise can be accounted for as 
a corresponding increase in the thermal-radiation temperature) . The dimension / is 
considered to be sufficiently large compared with the maximum wavelength of the radiated 
oscillations and small compared with the distance to the radiators. 


1. DISCRETIZATION OF THE OS CILLATIONS ON THE APERTURE 


Inasmuch as each of the analyzed field components is not only a function of the time t, 
as in the well-known theory of optimal reception, but also of the coordinates x of the points 
of the aperture, it is expedient to carry out discretization over the coordinate x or its spectru: 
along with discretization in time or over the frequency spectrum. We give below the 
discretization over the frequency f of the function of the time and over the coordinate x of the 
points of the aperture. 

Assuming that any of the analyzed high-frequency functions u(t, x) is specified only for 
a limited time interval T, we describe this function on this interval by a sum of Fourier- 
series harmonics 


i Gy = >) ie Ge Go), = >) lam (2) CoS 2tfmt + bm (x) sin Qxfmet], (1) 


m 
corresponding to the discrete frequencies 


m 
jin = a (m = m,, my 1,. ...,,175). (2) 


If the distribution u(t, x) is produced by a system of s discrete radiators, spaced 
sufficiently far apart to make the waves from them plane within the limits of the aperture, 
then for each of the field harmonics Um (t, xX), we can write 
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hes igen) = Sevieayip N= yy Umi t — = cos Oi, 0) = 
I ‘ 


w=1 


ies c dir cos a; 


= [am (0) 08 2ee( fut — “ES a) + Bs (0) sin 2a (fut — “O° 9) | 


c 


(3) 


Here the index i characterizes the i-th radiator; c is the velocity of light and a is the angle 
between the direction of arrival of the wave from the i-th radiator and the positive direction 
of the x-axis. 


Comparing (1) and (3) we can get 


Tm COS A; 
c 


[en (0) cos 2a 


s 
: ’ fm COS O; 
am (2) = x — Dm (0) sin 20 Se x |, 
i=1 


: m 5 Ol; G ( macaaegiead, 3 (4 
aes. [ans (0) sin 2p + by (0) sin 2n 2S 5 |. a 
2—t 


Expressions (4) can be regarded as spectral expansions of the functions ay,(x) and by, (x) 
of the coordinate x. As follows from the foregoing expressions, the frequency spectrum 
over the coordinate x is discrete and contains the frequencies fy, |cos @;|/c. Not one of the 
frequencies of the spectrum exceeds f,,/c. This last conclusion remains in force if we 
change over to a continuous distribution of part of the radiators over the angles a, as takes 
place in thermal radiation, and thereby include a continuous spectrum component along 
with the discrete one. 

It follows from the foregoing analysis that the functions Any (x) and by &) , which enter into 
(1) , have a limited frequency spectrum over the coordinate x, ranging from 0 to fy,/c. One 
can apply to such functions the Kotel'nikov theorem, i.e., 


~ sin 2% Ss Ga) 
Am (x) = > am (mn) ia ’ 
n 2 = (€ — mn) (5) 


Lmnn — ae . (6) 


Relations (5) indicate the possibility of spatial discretization of the coefficients of an 
arbitrary n-th harmonic. The discretization points x,y are arranged with a spacing c/2fm = 
= Ay, /2 where Ay, is the wavelength corresponding to the m-th harmonic. If the discretization 
interval is small compared with the dimension of the aperture /, then we can describe the field 
within its confines by neglecting the edge effects and limiting ourselves only to the first terms 
of the series, for which the discretization points are located within the confines of the 
aperture. 

Combining (1) and (5) we get 


m 
sin 21 — (2 —z.,,.) 
; Y C mn 
w(t, t) = >. [din COS W2zfmt + Binn Sin 21tfmt] Dae eee (7) 
mn PANS on (z— 2p) 


where 


Qin = Am (Gale bn = Om (eheeNo (8) 
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2. LAW OF DISTRIBUTION OF THE REALIZATIONS OF THE THERMAL RADIATION 
FIELD COMPONENTS IN TIME AND OVER THE ANTENNA APERTURE 


The probabilities of different realization u(t, x) of the thermal-radiation field components 
can be described by a law of joint distribution of the coefficients ayy and b,,,, each of 
which is a Gaussian random quantity with zero mean value. This lawis fully characterized 
by specifying the dispersions a?,n, Din and the mixed second moments of distribution 
(covariations) g (the superior bar denotes averaging, and m,n,H, and 
Vv are integers) . 

Assuming the spectral density of the thermal radiation to be constant within the working 
frequency band, Nog (f)= No, and taking into account the interval Af, = 1/T between the 
spectral harmonics, we put 0.5 (a?,, + b%.,) =Nolfm) Afm, hence 


rad aan =. £o5 ere TOME ae Ni 
Gin = Daan = Am (Geey, = Oo (Geran) = 7 5 (9) 


mn Auvs Dip les ’ nh: 


Inasmuch as the thermal radiation can be assumed to be uncorrelated over the spectrum, 
the covariations with different harmonic numbers u ¥ m vanish identically. To estimate the 
covariations with numbers p = m and with discretization indices n and V, we make use of 
formulas (4). First subdividing the entire sphere into small solid angles AQ; = sin a,4a;A8; 
@ and 8 are spherical coordinates) and assuming the thermal radiation to be uniformly dis- 
tributed over the solid angles within the limits of the entire space, we introduce equivalent 
discrete radiators with field parameters at the aperture center 

* TV hs See 


a (UV) = b°, (0) == T TE, —— int sin a;Aa;A8;. (10) 


By virtue of the independent character of the radiators with different indices i and j, and 
also the independence of the quadrature components of one and the same radiator, we have 


Ami (0) mj (O) = On (0) Binj = Ami (0) Om; (0) = 0 for t of We (11) 


Calculating the products of expressions similar to (4) and averaging with allowance for 
relations (10) and (11), we obtain after very simple transformations 


= No XN fm COS 1; A 
Ayndmy = bene = GaP >} cos [ 2x Ce (Gran = Tiga), sin a; Aa;A8;. 
ail 


Passing to the limit of the corresponding double integral and calculating its value, we get 


ihe 
Tm COS & ie sin eae ay) 
é (aaa — Imy )| sin ada = 


0 Lo are Ee me 


& ( a8 (cos lon 
0 


Using (6), we obtain finally 


No sin x(n — v) 


am(n—v) ’ (12) 


ihe = Didoes T 


from which it follows that amndmy aNd Yinndm, vanish when nv. We can analogously verify 
that dmnbm, = 0 both when n € v and when n=v. 

We thus establish that the expansion coefficients Amn 2nd bmn of the thermal-radiation 
se components are independent random quantities with dispersion M,/T and A zero mean 
value. 


: The joint probability density of the totality of these quantities can be represented in the 
orm 


Dil topes Grn nate = ea oun [(emn/Z)"+ (mV) | 


where 1 is the total number of the independent coefficients of the series. 
We shall agree to regard the parameters 


Amn vs and binn Ve (14) 
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(13) 


of the arbitrary function u(t, x) as coordinates u,(k = 1,2, . . .) of a certain multidimensional 
vector u. Defining the scalar product of the two multi-dimensional vectors as 


uv= Dima (15) 


2 


and putting uu =u , we can write (13) in shorter form after making a change of variables 


> 
he 


p (uw) = (mNo)~*%e_ Ne. (16) 


: In order to reduce (15) to an integral form, we introduce the corresponding spectral 
densities, for example 


gu (f, 2) = \ w (t, x) e~Prldt, (17) 


where the function u(t, x) differs from zero only for the time interval T. As indicated in the 
appendix, if the aperture dimension / is sufficiently large compared with the maximum wave- 
length Amax and for an observation interval T +=, the following approximate relation holds 
Eee: 
h [ere) V2 
uo=—Re\ df \ feu (f, 2) Bo (f 2) dm. (18) 
0 —l/2 
It is all the more accurate, the greater the aperture / compared with Amax and, consequently, 
the less influential the edge effect is in the use of the Kotel'nikov theorem. 
If the signal spectrum is concentrated around the frequency fp, the nonoscillating factor 
f ~f) =c/Aq can be taken outside the integral sign. Interchanging the order and the limits of 


integration, we obtain 
ai 


uv=s— \ dx \ gulf, 2) elf, 2) df. (19) 


— ‘V2 —oo 


co 


l [ore] 
Heat \ dx \ u(t, x) v(t, 2) dt =—-Re \ dx \ U (t,o) V(t, a) de. 
Us L/g 5 (20) 


3. STATISTICAL ANALYSIS OF OPTIMAL RESOLUTION 


The resolution can be reduced to observation of the useful signal against the background 
of thermal noise and interfering signals with random amplitudes and random initial phases. 
Signals from neighboring objects, which make detection difficult, can be regarded as inter- 
fering. The corresponding problem has been solved in [1] as applied to functions of time 
(not of the coordinate and time) for a Rayleigh amplitude distribution and equiprobably dis- 
tribution of initial phases of the interfering signals. Inasmuch as the initial relation (15) 
of the present paper coincides with relation (16) of reference [1], and the problem can be 
identically formulated in vector form for both cases, all the vector relations of reference 
[1] are fully applicable to the problem solved in the present article. The integral form of 
the relations, however, is changed, since the expressions for the scalar products of multi- 
dimensional vectors have in this case a somewhat more complicated notation (double inte- 
grals instead of single ones) . 

Thus, for example, in [1] we introduced a useful-signal-energy utilization coefficient 
k, for detection against the background of interfering signals and noise. This coefficient is equal 
to the ratio of the energy of the threshold signal in this case to the corresponding energy 
in detection against the background of noise only, for fixed values of the probability of correct 
detection, D, and the probability of false alarm, F. The latter is understood to be "point- 
like" and not "interval-like," i.e., for a fixed time of signal arrival, for a fixed angular 
direction, etc. Taking into account all the foregoing considerations, we obtain the 
expression for k in the form 
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pes m+-1! m+1 : 
i VV) Omega (> 2) [Pde ae (21) 
Here the complex amplitude Rm+#1 (t,x) is determined from the following recurrence 
relation: Ruy (t, x) = Una (2) 
i \\ Oia (t, 2) Bit, 2) dtde ae 
RAG, x)= fmt a6 on HO 
a Fu + \( 8; ;(t, ©) RY (t, 2) dt de (22) 
We bear in mind here that Ry(t,x) = U,(t,x). The function Re (t,x) satisfies also the inte- 
gral equation 
Rings (th 2) +\\@ (8,95 a) Rings (8, y) dsdy = Omg (ty a) 23) 
with degenerate kernel ; 
9 m ; at 
(sy 4 2) =a DU; (t 2) Uj (s,y), (24) 
j=1 


x 


which can be of interest in a consideration of the case m ~~. 

For a signal with random initial phase and nonrandom ampoitude (or an amplitude which 
is random and has a Rayleigh distribution) the optimal processing of the received oscillation 
U(t, x) reduces to a calculation of the quantity 


\\\ 70, 2) Rings (6, 2) deeds (25) 

and subsequent comparison with some threshold. 
If only two signals are resolved and the noise level is low compared with the interfering 
signal 
No< 2int = = \\! Uine (t, x) Pdt dx 
(Wnt is respectively either wy or Uy) the energy utilization coefficient will be 
k~1— Pp. (26) 

Here p is the coefficient of "correlation" of the signals to be resolved: 


|\ Uy (t, L) U5 (t, x) dt dx i 


Via, x) Pat de \\| a (e, x) |? dt dx : (27) 


which are described in this case by the nonrandom functions Ui ¢, x) and Uolt, x) 

If two or three components of three-dimensional vectors are used for detection, the 
products of the scalar quantities in relations (21) — (27) should be replaced by scalar 
products of the field vectors. 


4, EXAMPLES OF APPLICATION OF THE RESULTS OF THE ANALYSIS 


Assume that we are resolving two radar signals with complex amplitudes 


XCOS A, 


5 oe 
U1 (t, 2) = A(t — u—~cos am) cite 7% (28) 


: a) : oY; 28) 29 
Up (ia) = A(t = Tz — cos 2) e~ iPate sidod out re 


’ 


corresponding to nonmonochromatic plane waves, which differ in angle of arrivala, in the 
in the delay time T, and in the Doppler frequency &%. Here we have by virtue of (27) — (29) 


p=p (1, T2, Qu, Qo, Qi, a). (30) 
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_ If the delays on the aperture are small compared with the reciprocal of the frequency- 
spectrum width, i.e., 


J A (¢ = T — 008 a1) = A (Omri )s A(t Ee — = cos a2) =A (G2), 
en 


p =p, (Te == ‘Unk Qs (21) Pr (au, Qe), (31) 
where ep (AT, AQ) is the range and velocity auto-correlation function, introduced by 


Woodward [2] and Siebert [3] (independent of ihe energy utilization coefficient k) ; Py (4, M2) 
‘is a new autocorrelation function of the angle coordinates. Here 


{ A(t) A®(t — Ar) 4% at [ 
SUONAGHAO) sh Pee eae 


f PCy, a] (32) 


ow oh 
sin? a (COS @3 — COS a4) 


PI (a1, a2) ae s* 
(z (COs 4 — COS 3) | (33) 


Let us estimate the coefficient of energy utilization when the resolution is only by the 
angie coordinates (Tz = 7, Q22,=&1, pp =1, Pp =o). Putting Aa=a,-a% «KT, we first 
rewrite (33) in the form 


sin? (mAa/ao) 


Pi = pu (Aa) = i Gaia (34) 


where 0 =Aj)// sin a (a= (a; + My) /2). The quantity 2~,) can be called the width of the 
equivalent directivity characteristic of the aperture at the zeros (without allowance for the 
interfering radiators) . Owing to the increase in the dimension /, and consequently the 
reduction in the width of the equivalent characteristic 2), we can reduce py to values 
much less thanunity. This corresponds to making it possible to resolve objects with 
practically no loss in the energy utilization coefficient, something extensively used in 
practice. 

In individual cases it is possible to obtain angular resolution without increasing the 
dimension /, namely to obtain resolution within the width of the equivalent characteristic 
through reducing the energy utilization coefficient k ~1-p=1- py. Retaining only the first 
two terms of expression (34) for py in the expansion in powers of 7Aa/a, we obtain 

2 
k~_ (Sy). (35) 


ao 


This means that the presence of reflector 1 does not interfere with a correct deduction of 
the presence or absence of reflector 2 (the mutual placement of the reflectors is known) 
provided a signal-energy margin of a factor of 1/k is available. When Aa/d) we have 
k= 0.13 and 1/k =7.5. 

Let us analyze the character of the corresponding optimal processing, by which one 
can reduce the action of an interfering signal which is sufficiently strong compared with the 
thermal-noise level (Np) ~0). From (22), (28), and (29) we obtain for this case 


nl 
on Rea Men ee > Be: 
Be. ane sin [7 (COS cos) | 5 7 2008 a1 
e 


R; (t, z) = A(t) | Ao 


(36) 


ml 
7s (COS G2 — COS a1) 


The function Ro(t, x) corresponds to a completely defined processing of the elementary 
plane waves 


; E 
vee (:— = cosa) ae Uy, 2 (t, 2) eiantet, 
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which in accordance with rule (25) is characterized by the relation 
Ke (f, a) = \\R: (t, 2) e [itor e008] oy de, (3" 


The quantity K,(f,a@) , determined by expressions (36) and (37), is a product of the 
optimal frequency characteristic K(f) and the optimal directivity characteristic W(@) . For 
f ~f) we have 


wl ml oo Ped 
sin lz (cos & — COS a2) | sin [5 (cos 4 — cos as) sin Joy (COSt2—COSA1) 
0 
tp (a) = — 


ml ml 
Gee (COs & — COS Me) Te (cos & — COS 4) The (COS 4; — COs a1) 
7) 


This characteristic ensures zero reception from the direction of the interfering object, and 
this indeed provides the resolution. 

Let us proceed to a case when the placement of the interfering reflectors is not known 
exactly, and it is necessary to assume that they are uniformly distributed over the angle 
coordinates. Taking into account only the differences in the angle coordinates, we put 


- 2m 

Unislt, 2) = U; Ge) = Aye 

and wt = =e : 
U5 (t, 2) = Ap (Qe & FV “sin ajAa; AB;, 


where d characterizes the ratio of the volume energy densities of the summary interference | 
of the useful signal, while j <m. 
Changing from the sum (24) to an integral, and integrating over a and 8, we obtain 


X COS Ay 


. 20 
aie fe sin z, &—Y) 
© (6, Yt, rage Aa th Ay i 


Inasmuch as ¢(s,y,t, x) and U + (t,x) are proportional to Ag(t), we can represent 
the solution of (23) in the form R (t,x) = Ao(t) r(x) , where r(x) satisfies the integral equation 


1/2 sin Lae y) om 
PER A Ga ae —j——xcos a, 
Rh shai Deas Hm ance ab ah 
Ue 4 ey) 
here 
] co 
a ‘ 
Ye ies \ | Ao(s) |? ds 
—oo 


For the case of a rather long antenna \)// - 0, the solution of the integral equation can be 
found in the form 


. 2h 
ae 4 —JF Z— X608 
Gh) = eee 0 F 


which corresponds to an optimal directivity characteristic 


sin [= (cos & — COS do) | 
(a) = 


ml 
ae (COS & — COS ao) 


the same as in the absence of interfering reflectors. 


This means that any artificial measures (without increasing the aperture) cannot impro 
the resolution in this case. 


The approach to resolution problems, developed in the present article, is not the 
only one possible. The detected object can be regarded as resolved if the presence of 
another object (or a series of other objects) does not appreciably deteriorate the accuracy 
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of the parameter measurement. The main formulas of this paper can be extended to include 
the case when, for example, we use in lieu of the likelihood-ratio analysis the analysis of 
the a posteriori probability of the values of the measured parameters. The extension of 

these results to include apertures of antennas with discontinuities entails no great difficulty 
provided the lengths of the gaps is small compared with the wavelength Ay; this extension 
reduces to substitution of suitable integration limits in the formulas of Section 3. One 

can obviously also lift the assumption of the sufficiently large dimension of the aperture 
(compared with Xo) and its one-dimensional nature, but for this purpose it is necessary to 


changeover to a more general form of canonical expansions than given by the Kotel'nikov 
theorem. 


APPENDIX 


Replacing in (17) the function u(t, x) by the series (7) within the limits of the time 
interval T, and by zero outside these limits, we obtain for f = fm 


PERE 
r sin eee (z — yy») 
bu Git x)= ca (4:mn — 1° mp) SOIC ae ee re 
n 


ron i2, (x — Lm) 


= ey Car Da ae (38) 
n 


Inasmuch as we have for the function u(t, x) 
Inn 2 Re Su Gap Lmn)/T, Does = — 21m Su (fms Lyp_)/T ( 39) 


[and analogously for the function v(t, x) ], using the equality Re (AB) = Re A Re B+ 
+Im AIm B and the relations (14) , (15), and (39) we get 


Sr. 2 * 
LU Ge Re va Bu Chen Lan) 8y Wigs Linn): (40) 


mn 


By virtue of (38), the following equality holds ~ 


1/2 


8u (fins ®) g> (fm &) de = 
—l2 


2 
V2 sin [= in (27) | sin |= le (¢—2,,)| 
= > bu (fm: Linn) By (fms Limp) 2m 2 : dx, (41) 
ny 


—1/2 eas ifn (Zz) ¢ Tin (2 —2py) 


and for infinite integration limits (1 ~~) 


\ eu (fms ®) 8p (fny 2) 42 = Gad Bu Fmr %mn) 8 (fm mn): (42) 


We note that the integrals in the right half of (41) are determined by the values of the 
integrand on the segment between the closest discretization points which include the points 
Xmn and Xm. We can approximately use relation (42) also for finite J, if the summation 
is carried out over discretization point located within the limits of the aperture, i.e., the 
same as in (7). (38), and (40). ee Ya ‘ 

Substituting 1/T = (2 ts ~ 0, we obtain w=7 re | df \ NPG DE GDR 


) —l/2 
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TRANSVERSE DIFFUSION IN DIFFRACTION BY AN 
IMPEDANCE CYLINDER OF LARGE RADIUS. PART I. 
PARABOLIC EQUATION IN RAY COORDINATES 


G.D. Malyuzhinets and L.A. Vaynshteyn 


The two-dimensional problem is considered of diffraction of a cylindrical or plane wave 
ona circular cylinder, with boundary conditions of the impedance type (under the condition 
that the cylinder radius is large compared with the wavelength) . This problem is solved 
with the aid of the Leontovich-Fok parabolic equation, written in ray coordinates. This 
equation takes into account the ''transverse diffusion" of the wave amplitude. A general 
solution is obtained for the diffraction problem, suitable for all distances from the source an 
from the point of observation to the cylinder and agreeing with the geometrical-optics 
formulas in the illuminated region. 


INTRODUCTION 


M.A. Leontovich and V.A. Fok [1 — 4] proposed in their basic papers a parabolic- 
equation method for the investigation of the asymptotic laws of diffraction; this method was 
used to solve the problem of propagation of radio waves along the flat [1,2] and spherical [2] 
earth's surface, and also the problem of the field of a plane electromagnetic wave in the 
penumbral region near the surface of a conducting convex body [3,4] , the dimensions and 
radii of curvature of which are considerably greater than the wavelength. It is found, how- 
ever, that the parabolic equation, written in beam (involute) coordinates and accounting for 
only the transverse diffusion of the wave amplitude, permits a determination of the diffrac- 
tion field in the entire shadow region at arbitrary distances from the convex body, and also 
in the penumbral region — up to convergence to the formulas of geometric optics. In this 
paper we demonstrate this fact, using as an example the diffraction of cylindrical and plane 
waves On an impedance circular cylinder, the radius of which is much greater than the 
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avelength. 

_ The theoretical treatment of diffraction problems, used in the present paper, was reported 
several times by G.D. Malyuzhinets in papers delivered to conferences in 1946, 1957, 1959, 
and 1960 (see [5 — 8]), and also in a review article [9] . This treatment is quite general 
i as will be shown later, includes the concept of diffraction rays. 


1. MANY-SHEETED PLANE AND RAY COORDINATES 


The two-dimensional problem of the diffraction of a cylindrical wave on a circular 
cylinder of radius r reduces to finding the Green's function G, satisfying the wave equation 


&G 1 OG 1 @&G 2 ye 
“Ore a r Or TAO? mena 0 ne) (1) 


(r and ¢ are the polar coordinates of the point of observation) everywhere except at the 
source — a"'glowing line" parallel to the cylinder axis and having polar coordinates r' and 
0; the primary wave produced by the source is 


G = xi) (kp), p=Vr? — 2rr’ cos getr?. (2) 
This means that on the ray ¢ = 0 the Green's function G is continuous, and its derivative 
8G/ap experiences a discontinuity 


aG __ 9G 
IP jo=+0 ID 


games ar A4nrd(r—r’). (3) 


At infinity (as r ~~) the function G should satisfy the radiation condition, while on the 
cylinder surface it should satisfy the impedance boundary condition 


oC + ikgG =0 (for r =a). (4) 
In acoustics, G is the velocity potential or the pressure, and 1/g is the normal impedance 
(total impedance) . In electrodynamics (4) it is the Leontovich boundary condition and Gis 
either the component of the magnetic field along the cylinder axis, or the corresponding 
component of the electric field; in the former case g = w, in the latter g = 1/w, where 


w = Vu/e is the wave resistance of the cylinder. 
The function G satisfies the reciprocity relation 


G(r, 9, 7) =G(r'’, + @, 7) (5) 
and should satisfy the periodicity condition 
G(r, 9+ 2nj,7')=GCr, 9,7), fH=H1, £2... (6) 
Along with the function G, it is advantageous to introduce the Green's function on the many- 
sheet plane* TI = I(r, 9, r'), satisfying the relations (1) — (5), but obeying in lieu of the 
periodicity condition (6) the condition 
T(r, 9, 7’) 0 for |pl|—>oo. (7) 
The functions G andI are related by the formula 


CG, OP = > T(r, p+ 207, 7’). (8) 


j=—oo 


*The many-sheeted plane was first introduced for an analysis of diffraction around a 
cylinder in reference [10] (see also [11]). 
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in the ray coordinates € and 7, which are equivalent to this diffraction problem. These } 
coordinates are introduced in the following fashion: assuming first that the observation point 
P is in the. shadow region (Figure la,b) we draw from the point P a tangent PT to the 
circumference r = a of the cylinder, and we draw from the source P' a tangent P'T' and 
characterize the position of the point P with the aid of the coordinates 


| 
| 
The Green's function I is best represented not in the polar coordinates r and @, but ) 


and the position of the point P' with the aid of the difference 
eee ee (1c 


The coordinates and 7n are uniquely related with the coordinates r and ¢ on a many- : 
sheeted plane: thus, in Figure la,b, different € and 7n are set in correspondence with the poi 
P, but in Figure 1a the point P lies on the "zero" sheet of the plane (-1< g<m), while in 
Figure 1b it lies on the first order sheet (-37< @<-m). The ray coordinates of the point P 
on the j-th order sheet (j = 1,2,...) are equalto € + 2ma(j-1), n+ 27a Gj - 1) (where & 
and 7 correspond to the zero-order sheet, see Figure la), while the ray coordinates of 
the point P on the - j-th sheet (j =1,2,...) are € + 27a j - 1), n + 27a (j - 1) (where € 
and 7 are its coordinates on the - 1-th sheet, (Figure 1b) . 

If the point P is located on the zeroth sheet, 
then it can fall in the eliminated region (see Figure 
lc). In this case we introduce formally the ray 
coordinates &€ and 7 the same as in the shadow 
region, i.e., we draw tangents PT and P'T" and 
put 


E—n=PT, —yn=PT’, (11 


assuming the coordinate 7 to be negative: 


gs if (12 


It is physically obvious that in the eliminated 
region the coordinates & and 7 are suitable for the 
representation of the function I only for sufficiently 
small |n|, i.e., the boundary of the illuminated 
region, while away from this boundary the function 
T is represented as a sum of the primary wave (2) 
and the reflected waves, which obeys the laws of ge 
metric optics (for this wave the ray coordinates 
must be introduced in a different fashion) . 
However, the derivation of the laws of geometr 
optics from the wave equation (1) is hardly of any 
interest and the use of the ray coordinates (11) — 
(12) in the penumbral region, with |7n/a|«1, make 
it possible to effect a junction between the diffractic 
formulas and the formulas of geometric optics and 
thus obtain a complete solution of the problem unde? 


Figure 1. Ray coordinates for cylinder. 


consideration. 

It is easy to show that € and 7 form an orthogonal coordinate system. The lines n= 
= const are rays tangent to the periphery of the cylinder, while the lines & = const are invo- 
lutes of this circle (see Figure 2), the Lamé coefficients being 


(lé 
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"The wave equation (1) assumes the following form in 
ithe ray coordinates 


or LeMrOr 
oF Tea ot 


a afi oar 
+ = Ger a) t 


+k = 0. (14) 


2. PARABOLIC EQUATION IN RAY COORDINATES 


Proceeding to an approximate solution of (14) Figure 2. Rays (7 = const) and invo- 
under the condition lutes (& = const) . 
M? > 1, (15) 
where hans (16) 
M= ie) : 


we first make the substitution 

P= fy, (17) 
Separating the phase factor elké and introducing the function W, which is the slowly varying 
wave amplitude (generally speaking, complex) . It satisfies the equation 


aw eNO) ae OOS Or 
+ (2ih i asy adiaslaieaie Fan — a ve (18) 


which after introducing the dimensionless independent variables 


Ca We say 
es ee ae (19) 
assumes the form 
OW Gn melt 7 1 OF (ml TOWING Oe a, 1 AAW. 
4i Sy tae + xan alga az) + gala + x7 ar) =? (20) 


Neglecting in this equation terms of order 1/M?, we obtain an equation of the parabolic type 


. ow 2i 
! WV 
Bigg raps VE A 


Bac MSIL GA 
Vase 7 7 Eva ) (21) 


in which the third term, containing 83W/0Z, takes into account the transverse diffusion of 
the wave amplitude, while terms of order 1/M? in (20) correspond to "longitudinal diffusion, which 
which in this problem can be neglected (see [9]) . 

Equation (21) can be simplified. We introduce a new variable 


¥Y=(X—2)= (i=); Z=x-V¥ ee) 


and regard W as the function of X and Y. Then Equation (21) becomes 


- OW i pe ow Nea OU 
aye oe) ay” G3) 


and after substituting 


a 


«to 


Wee 8 YW (24) 


it is transformed into the Leontovich-Fok parabolic equation 
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~ OW 


OW, 
L ax 


ay = 0 (25) 


YW 4 


investigated in reference [2] . The boundary condition (4) assumes, on changing over to the 
function w,;, the form 


Wi @Wi=0, qg=iMg (fo Y = 0), (26) 


7 
Oy 


since the height h of the point P over the surface of the cylinder 
ee ORE MES (27) 


has the following value when h« a 


jo Ee, ee ae (28)am 


2a 2M- k | 


The general solution of (25), satisfying the radiation condition and the boundary con- 
dition (26) , has the form 


Wi = >) Cue"s*wi (ts — Y), (29) 
s=1 


where Cg, are unknown coefficients; w; is the Airy function corresponding to the outgoing 
wave, and tg, are the roots of the equation 


w; (t) — qui (t) =0 (s=4,2,...), (30) 


which is investigated in detail in Section 7 of reference [12] . 
The functions IT, W and W; meaning also the coefficients Cg, depend on the position 
of the source, which we define in terms of the difference (10) and the corresponding di- 
mensionless variable 
ony 
ye M*(5 - ) ; (31) 
In order for W to be a slowly varying function of €'- 7, it is necessary to separate in (17) 
in lieu of eik&, the phase factor 


eis fe eik(E+e—n) = geiko, 


G = Elo =an (32) 


is the distance between the points P' and P, taken along the minimal path (diffraction ray) 
consisting of the straight-line segments P'T' and TP and the are T'T. Recognizing further 
that the variables &' and &, as well as Y' and Y, should enter into the function T in a sym- 
metrical fashion, we arrive at the expression 


i (xe—2 yh 2 y'% cS ie 
T= é. 3 3, )s ce's* wy (, —Y) wi (t,—Y’), (33) 
s=1 
where X is determined by a new formula 


eee fn Sa fiesta 
eS (34) 


in which € and *" are symmetrical. When &' =7, when the point P' lies on the surface of 
the cylinder, formula (34) goes into the initial definition (19) of X; the transition from (29) 
to (33) signifies that the coefficient C, contains the factor exp{it,M(é' - 7) /a}. 


3. DETERMINATION OF THE COEFFICIENTS cg 
(BOTH POINTS NEAR THE CYLINDER SURFACE) 


The coefficients cs in (33) can depend only on the parameters q and M. They can be 
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‘determined from the following considerations (cf [2] and [13]). Let the source P' and the 
point of observation P lie near the surface of the cylinder, so that their heights h' =r'-a 
amd h = r - a satisfy the conditions 


Ms Ey, WE he (35) 
Then the variables Y and Y' can be replaced in (33) by Y and Y' where, according to (28) 


kh , _ kh! 
Y= inn YO ee (36) 


and we can put in addition 
Deesy 2 3 
i Komen oe v2) ee 
e ( 3 3 = eikal | = etkl (37) 


where 1 =a lol is the distance between the Points P' and P along the surface of the cylinder. 
The last relation follows from Figure 3, where 


ZP'OP =|\9|=—++4 dg + Ag’, | 
(38) 
epee tae 7(=) eas Dee) 
so that for small Ag and Aq! 
kadp = k(E—n)—SY", kadg’ =k (& — 0) — ay, 
2 : (39) 
ka |p| = ko — 3 Y¥"— ae 
At finite Y and Y' we can also replace X by 
l 
2=M\|9|=M-, (40) 
and the formula (33) becomes 
LT =e >) ce w, (ts — y) wr: (ts — y’). (41) 
—— 
The coefficients c, must be chosen such that in the eliminated region the following 
reflection formula 
= Rois ae ee er, 
pe ye To p¢e uw Pies a (42) 


corresponding to a plane reflecting surface and sufficiently gently sloping rays is satisfied. 
The first term in the square bracket of (42) gives the primary wave (2) 


rd Ce —— iv 
eye De = Ve + (h — Yee Be) als (43) 
while the second term gives the reflected wave, coming 
from a virtual source and having a reflection coefficient Pp 
hth f 

COSI ie See! ive 

as pa SE (44) \ 
and where xis the angle of aes (close to 1/2) 

If we put 
T= Au, i iki (x, Yy) ys q), (45) 
; Figure 3. Angles Aw and Ag! in 

where the function y) is determined by the contour inte- eicase wee fe both points ee ie 
gral (the contour C includes all the points tg in the posi- cared nes ineteyiinders 


tive direction) 
wa (t) — qua (t) 


: t—y) | dt 46 
w, (t) — qv, (¢) Bi »| go) 


= ge (etin =) [me — 2) - 
Cc 


TRIG 


and the series of the residues 


x 
fo) Uy 


ef's® wi (te —Y) ws (te —Y') 
Vay yo O=o)) Boe wt) «ena (47) 


s=1 


then by virtue of the formula (cf [13] , Section 5) 


Pe ls Rear ensigns (0 (48) 
= yn i yty’ — 2iqz 
2) me | 


we actually obtain the reflection formula (42). It is difficult to prove the uniqueness of the 
solution (46) (cf. [2] ); we can only refer to part I of that paper [19], where a more 
rigorous derivation of (45) and (46) is given. 

We note that in writing out the integral (46), it is assumed that y'>y. If, to the 
contrary y' < y, we must interchange y and y'. The function % is connected with the 
attenuation factor V which is used in connection with the theory of propagation of radio waves 
around the earth's surface, and is partially tabulated in [14] and [15], by means of the 
relation 


Vie, y,y',Q =2V nae §¥ (x,y, 4", 9): (49) 


are also important; they are defined in Section 3 of reference [14]. 

As already noted, formula (42) corresponds to gently sloping rays and should be sup- 
plemented with a formula suitable for greater heights h and h'. On the other hand, ash 
and h' are decreased or as / is increased, formula (42) becomes useless since it is 
necessary to take into account the curvature of the reflecting surface (and in particular 
the additional divergence of the reflected rays, see [14], Section 5), while at small lg| 
it is necessary to use the Weyl — Van der Poi formula, let alone the fact that diffraction 
phenomena come into play near the boundary of the illuminated region. 

Comparing (45) and (47) with (41), we get 

(= 
Mi, — wrt) (50) 


Inasmuch as the coefficients cg cannot depend on Y and Y', the general formula (33) assumes 
the form 


W (X,Y, ¥’, q). (51) 


an ead i (r0- ¥%-2y 4) 
This expression, which is suitable for all distances from the source and from the point of 
observation to the cylinder, is the main result of the present paper. We note that it is 
obtained from formula (45), which is valid only under conditions (35) , by replacing the 
factor dk! by more complicated one, and by substituting in the function w new variables X, 
Y, and Y', connected with the ray coordinates, in lieu of the variables x,y, and y'. 

It will be shown later that (51) agrees with results obtained in other papers in which the 
problem has a more specialized formulation, and converges to the formulas of geometric 
optics in the illuminated region. 


4, ONE POINT NEAR THE CYLINDER AND THE OTHER AWAY FROM IT 


We now remove conditions (35). In this section we assume that h « a, but the height h' 
can be as large as desired, for example h' ~ aor h' >a. Then Y' will be large, and we 
can employ the relation 

v (2 Ye a ) 


¥KY.Y.d) = sa +N (2, Y, Qs (52) 
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where 


‘-x—-yy =m; (53) 
. . w, (t) — qwe (t) 
V. : - — u = itz t 3 e234 2 pe APY == i 54 
1 (I) Y == \e [em y) TT wr (t jae (54) 
Formula (51) is rewritten in the form 
OS ee Ot Rea Bel Hh) 
ip = Ve = ° 4 é 3 Vi Ga yy q). (55) 
This last expression breaks up into two factors; the factor 
01/20 tlhe + =] 
==. 0 


corresponds to free propagation of the primary cylindrical wave (2) from the source P' to 
the point of tangency T'; the second factor corresponds to diffraction propagation along 
the path P'TP. If the primary wave is plane 


G = e—ikr cos com 


then formula (55) simplifies to (67) 
he a ee ot 7*/2 
par nay, ey, Q. el 
The meaning of & and 7 is illustrated in 
Figure 4. We denote 
LAZO =a) = oa + Aq; (59) 


and then by virtue of the first relation of (39) 


kap = ke — SY" (60) 
Figure 4. Coordinates &, n, and the angle 
4o for a plane wave (or for a remote source and in lieu of (57) we can write, by replacing 
Dre Y with small y, 


T = eikavVy (z, y, 9), (61) 


where z = M2). 

The last expression agrees with the formulas derived in [16], and [17]. In the illuminated 
region, z and w are negative, and for large negative z the function V, satisfies the asymp- 
totic formula od 


Vilas? sO amiieece wie) to aeiaat tae (62) 


It follows from this formula that (61) assures convergence to the geometrical-optics rela- 
tions: the first term in the parentheses of (62) gives the incident wave, and the second the 
reflected one, and 7/2 + w is the angle of incidence. 

In the illuminated region (J < 0, z < 0) we can employ instead of (61) the following inter- 
polation formula (cf. [16] ) 


T = eikasinoes Vy (z,y,q), 2=Msin», (63) 


which for finite z and small y almost coincides with (61) , and which for large negative z, 
by virtue of (62), goes into the reflection formula 


— p—ik(ath)cos~ 1 p—ik(a—h) cose ©O8 P — 8 
r ¢ ee cos~+g ’ (64) 


which is suitable for any angle of incidence = ua w. 

It is easy to verify that for an incident cylindrical wave (56), produced by a remote 
source, formula (55) also provides convergence to geometrical optics for finite Y and z < 
<0. By virtue of the reciprocity relation (5) , the foregoing formulas are suitable also 
for the case when the source is near the cylinder and the point of observation far from it 

We note that the "reflection formula" (62) for the function V; can be made more precise 
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in such a manner, that it takes account of the influence of the curvature of the reflecting 
surface on the reflected wave (see [4], Section 5, or [14] , Section 5) ; at sufficiently large 
negative z and finite y, however, this influence can be neglected. 


5. BOTH POINTS FAR FROM CYLINDER 
Let us consider first the case when the incident wave is plane, and let us regard Y 


in formula (58) as a large quantity (finite and small values of Y have been considered above) . 
We introduce the variable 


¢=2-VY=m4 (65) 


and use the relations (see [14], Section 3) 


a ¥, d= aes Vag Y% 9) for E>, 
= wtiy 4 ity 1 icq 
Vi (2, YG q) GE Oe : aaa : Vir (Cc; re q) for Gl, 

: 67 
where Vir (6, p, g) =V (6 pn) +V™ (6, g) +V™ (6, 9). oa 
The functions yo. ym and V'? are défined as follows 

silent =) 0 
V (0,4) = uw TEE \ CETUS Ot G a Oh 
BS | 
=i(ose 4) ug | (68) 
VO (Erin) uw - \ BRIS tee 6 Zw | 
VA Caen 
and irpedbcs pgellte, = = 
VUE g=—- Sie 6 Ose BLA) dt, 
ms w,() +e * gus(t) 
{2 & 69 
772) (eee Aart ( gilt v’ (t) — qv (t) ee 
b> Y) Vi ; w, (4) — qui (t) 
In (66) we neglect terms of order 1/y?=1/VY compared with terms of order unity 
(see [18] , Section 5), and therefore for finite and large C we must use in lieu of the 
Fresnel integrals (68) the first term of their asymptotic expansions, and write 
. 3m 
(0) _ yo) si (70) 
VE pH) =V" (6, 00) = — sm 
Then the function V,, depends only on two variables and is transformed to 
Vu (6, q) es Vu G OO; q): (71) 
The dependence of Vj; on variable 4 manifests itself only at small values of co 
By virtue of (66), formula (58) yields 
= 2 ike Tas ) 
Y= MV we Vu (C,Y",@) for €>0, 
0 V oe sein " ae 
= NO ak AY) hea VAni(G 7, Gh) ies E<0,) 
where the term 
2 8 es, Ane esi 
po (BoP s ety) i (LZ) (73) 
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yields for small 7/a the incident wave (57). In fact 


— 7 COSi@ = 
= — vil 7 n 
(E—m) cos—- + asin, (74) 
and putting 
allen ul 
COR 4 ai? 
75 
gana Vat ais 
a 6a? ” 
- we obtain 
— kr cosp = k& — 
A 3 VY (76) 
EL gies CVY. Figure 5. Reflection of rays and 


Actually there is no point in distinguishing be- ray coordinates (for remote points 
tween I° and G° so that I° should be taken to mean Piandyb 
merely the incident wave (57). The reflected wave is 


rT =MY owen (6, Yq) (for €<0). (77) 


For large negative €, we have the following asymptotic expression for V4; 


marine Hiei ae 
== % 2 
Vu = Le Be as at Te (78) 


which ensures convergence of (77) to the geometrical-optics case, according to which we 
should have 


J, ; : indé— 
ne eS eik(e—n—20 sin) 1/ in} — = . (79) 
k(&—n) 


where 71/2-6 is the angle of reflection of the given ray NP (6 = -n/2a, see Figure 5). 
Instead of the two formulas (77) and (79) we can write for € <0 (cf. [16]) a single inter- 


polation formula 
.  & Sie 
D-mM / ies Fo (é—at2a sin 2) ee é Vu (t, ¥%, (80) 


where 7/2 = 2M sin n/2a; this interpolation formula almost coincides with (77) for finite E 
and with (79) when -¢ >>1. When q = 0 and q =~», and also when we replace Vy, (¢, Y'4 q) 
by Vii (C, q) formulas (72), (77), and (80) become equivalent to the expressions derived 
by A.S. Goryainov [16] using a different method. 

If a cylindrical wave (56) produced by a remote source is incident on the cylinder, and 
Y' is comparable with Y, we must start out not from (55), but directly from the general 
formula (51). Using the connections between V,; and V [see formula (49)], established in 
Fok's paper [18] and cited in [14], we obtain 


P=M V eee é en (CoH, 9), (81) 
where 
= Y Wa al jr Cy ere 82 
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The same formula (81) is suitable also for the reflected wave T'! with finite negative C. 
We can use I" also the interpolation formula 


ae ean el sal 


™ i 
5 4a i (ko-+ + +20 sin 7) Way 83 
r= MY peaseca’® e 1 (C, By 9) (83) 


where C = 2M sin 7/2a < 0, which provides an automatic transition to the geometrical optics 
case provided & and é' are large compared with ||, so that we can assume in Figure 5 


P'T’ || P’Nand7P || NP. (84) 


The formulas of this section can be readily interpreted from the point of view of diffraction 
rays. A deeper interpretation of the (liffraction phenomena described by these formulas is 
based on the fact that the function V in (67) corresponds to diffraction on a semiinfinite 
plane qcreen which screens the incident wave in the same way as the, given cylinder, and the 
sum Vi) + ytd) gives a diffraction "background" — a corréction to V™ dependent on t @ 
curvature and material of the cylinder (cf. [18] and [14]). The resolution of Vj; into V 0 
and V") + v‘2 is physically connected with the presence of two zones of "effective trans- 
verse diffusion" in the given problem (see [9] . 


CONCLUSION 


The main result of the present paper is expression (51) which converges to the formulas 
of geometric optics and gives a general solution to the problem of diffraction on a circular 
cylinder of large radius. This result is evidence of the effectiveness of the parabolic 
equation written in ray coordinates. 
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EXCITATION OF WAVES ON AN IMPEDANCE PLANE 


M.D. Khaskind 


An investigation is made of the two-dimensional field of E waves above an impedance 
plane; this field is excited by a system of sources contained in an ideally conducting cylindri- 
cal surface with slots cut parallel to the generatrices. To determine the wave field, a 
generalized Green-Kirchhoffformulais derived. A complex wave amplitude is then intro- 
duced and used to express the energy characteristics of the total field and the surface-wave 


field. 
1. GENERALIZED GREEN-KIRCHHOFF FORMULA AND ENERGY RELATIONS 


1. Fundamental Equations 


We consider an impedance plane z = 0 and investigate the two-dimensional electro- 
magnetic field in the upper half-space outside a cylindrical surface with transverse contour 
L and a generatrix parallel to the x-axis (Figure 1). The time dependence is accounted for 
by an exponential factor exp iwt, and the rationalized practical system of units is used. 

On the impedance plane we have the condition 


Ey = ipoZH x for z—0 (Po = es = 120:tohm), (1) 


in which Z is considered positive for simplicity. In particular, in the case of a comblike 
structure we have Z = tan kl, where / is the height of the comb and k = w( (€ oll / /? is the 


wave number in free space. 
We determine the electromagnetic field above the plane z = 0 with the aid of the re- 


lations 


E = — tkpocurlln, Hm = grad div In 4+ In, 


where the Hertz magnetic vector Ip is directed along the x-axis by putting IL mx = Oly, z) 
and Tiny = al esas, costo Ue, As a result of this we obtain (x? is the unit vector along the x-axis) 


OP = ) 
E —— itkpo (grad 1) x rO))e Ee — 0, Bi, = ikpy = An 9 Ibi = thing 7 (2) 
Fine gig ei ean 0. 
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The scalar function o(y, z) satisfies the wave equation and , according to (1) and (2), the 
boundary equation 


A Pe ae for 25— On (pe—wi ZA) (3) 


We assume further that the system of sources is located inside a perfectly conducting 
cylindrical surface, in which slots are cut along the generatrix. We then have on this 
surface 


CD il 
a = koa! on ip (4) 


where the tangential component E; of the electric field intensity vanishes on the perfectly- 
conducting parts, while on the slots Ej is either a specified function or a function to be de- 
termined by "matching" the internal and external fields. In the case of concentrated slots with 
specified voltages V, applied to their edges (s = 0, 1, . . . m), condition (4) can be ex- 
pressed in 6-function form 


On ikpo 


eG. A S1V.6 (1 — 1.) on L. (5) 
s=0 


Each concentrated slot excites the same field as a linear magnetic current In, = 2Vg. The 
form of the remaining part of the perfectly conducting contour L manifests itself in the fact that 
electric currents of density H, are produced on its outer side. 

Let us present various forms for the source function of cylindrical waves over the im- 
pedance plane z =0. For this purpose we represent the source function G(y, z,a,C), 

located at the point C(n, &), in the form of the sum 
G = Gi + G2 + Gs, 

G: = H® (kn), 

Ge = H® (kre), (6) 
(n = (y — 9)? + @ — 0)” 
ro = ((y — n)® + (2 + 6)4)*,) 


Figure 1 
Here G, is the source function for cylindrical waves 
in free space; the function G, determines the specularly 
reflected field produced in the presence of a perfectly conducting plane z = 0, and the function 
G3 is due to the finite value of the impedance of the plane z = 0. As shown in reference [1] , 


we have for the function G3 two identical expressions, which differ outwardly from each 
other 


y 


y 
Ge on evil Fayo a ev ihy ( eilite Fano) 
co {8.0} 
bee 
< 
Ge = — 2pe™ \ eH (kr) dv + ne tens 


te “ 
(1 "(r2) i? Ae ey 


(4 — 2) He (kre) ) ) é 
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_ where the integration in (7) is along half-lines parallel to the y-axis and located above 
the point, C*(, -&), which the linear path of integration (-~,z) in (8) does not contain, 
the second term in (8) determines the excited surface-wave field. We note also that the 
expression for G3 can be represented with the aid of a single contour integral in the com- 
plex T plane. For this purpose it is sufficient to introduce temporarily a slight amount 
of absorption, i.e., to assume Im k < 0, Im p< 0, Rep > 0; we then have [2, 3] 


Gs 3 Qpet?? \ e* H® (hrs) de. (9) 


—ioo 


If we now use the expansion 


(oe) 


H® (kr,) = a \ ei (un) 4 (+48) (u =v? — #4, Rew>0), (10) 


we can transform (9) into 


w. (11) 


co . 
i ‘eo tw(y—n)—u(z-+%) 
r | 


2pi 
cash u (u —p) 


In the limit as Im k = 0, the branch point w = +k becomes real, and accordingly the integra- 
tion path in (11) must pass around the branch points w = + k and the poles w = +h in the 
manner indicated in Figure 2. 
We transform the contour integration in 
(11) into integration along the imaginary axis 
in the w-plane. Making a further suitable 
change in variables, we obtain ei 
Cz Qpi f eth (z-+6)—m|y—a] 
Bu m (tv — p), 
en (12) 
(m = (v® — Key”, Rem >0O). 
Relation (12) follows directly from (8). In fact, by substituting in (8) the expansion 


" . . Re ee een men 7) 
HO (hry = 2 | pre n & (13) 


A ape? 


aE = @ PIA e)— Ah yal 


Figure 2 


—s0 


we arrive directly at (12) and verify thereupon the identity o 
(8) and (9). 

Let us proceed now to establish the generalized Green- 
Kirchhoff formula. Applying for this purpose, Green's 
formula to the functions «and G, we obtain 


zat 


| (G2 Z)al + die y. 2) =0, (14) 

Lt=+C, 
where Dis an arbitrary contour in the upper half-plane, encompassing the contour L and 
contiguous in part with the y-axis; Cy is the free part of this axis between L and 2 (Figure 3) 
When z = 0, the functions and G satisfy the condition (3) and consequently the integral 
with respect to Cy in (14) vanishes automatically. To transform 2 into an infinitely remote 
contour, we bring into play a small absorption (Im k < 0), which ensures the damping 
of the field at infinite distances. As a result we arrive at the generalized Green-Kirchoff 
formula 


o= - (GR 05a ye 


dag 


indicated in [1] and used in [4,5] in a somewhat different form (k = ik,) . 

Let us note certain general properties that follow from (15). First, it is easy to 
separate the surface-wave field with the aid of (15). For this purpose we consider only 
the second term in (8) ; we then obtain 


= 2 A (4h, p)e—P2FY for y > + 0, (16) 


A (+h, p) =\e thy —pz [x - @ (+ ih cos (n, y) — p cos (n, 2) dl, (17) 
L 


where the functions A(é h, p) determine, accurate to a factor iph~!, the complex amplitudes of 
the surface-waves that diverge on both sides of the contour L. We next represent (15), in 
accordance with (6), in the form of a sum 
0G 
= G1 + o2 os, O,= (ear see ae) al Shi (se== eae) es (18) 


If the values of «p and of its normal derivative are specified 
2 on the contour L, then relation (18) can be interpreted exactly 
as (6), i.e., the function @ determines the field in free space, 
the function @ characterizes the specularly reflected field which 
aN occurs in the presence of a perfectly conducting surface z = 0, 
and finally the function @3 takes into account the finite value 


of the impedance of the plane z = 0. On the basis of (10) and 
(11), we express the functions @, and 3 in terms of the complex 
] y amplitude A(w,u) in the following manner: 


co foe} 
e 4 —i —UZ d — — 
Figure 4 p=—Tz \ @ ee Cae) =, Q3 = —~ \ ene woe dw. (19) 
—0o 


In addition, as follows from (18) and (6), the functions q and @, have asymptotic forms that 
are characteristic of cylindrical waves; 


iA (kos §,— iksin 8) ,-# (>) oy = 1A cos 0, th sin 8) 4 (==) 
(8ukr)2 ; (Sakr)'/2 


Sif 20 
(r = (y? =e z?) 5 § =arc tan) A ~~ 


Pie 


Let us note another case of unilateral propagation of waves. Let a cylindrical surface 
with transverse contour Ly be bounded at y = 0 by means of a perfectly conducting plane 
(Figure 4). We then have on this plane E, = ikO) &p/dy = 0 and therefore the function © 
is continued from the region y > 0 into the region y < 0 in an even fashion. In this connection. 
we arrive at an examination of the field in the upper half-plane outside the contour L = Ly) + Lj. 
where L# is the mirror image of the contour Ly about the z-axis. Taking into account the 
fact that the function ~ is even in the case of complex amplitudes, we find 


A(+w,u) = 2\ Eo (= 5, + UP Cos (n, 2) coswy +w¢ cos (n, y) sinwy| dl. (21) 


We similarly reduce ine integration along the contour Ly in the general formula (15), to: 


ee a9 Go 
bee 4 \ (Go On Pan jal, 
Ly 


Go= Gly, 2,,6) +6 (y, 2, — 0, $). 
2. Energy Characteristics 
We have established earlier that the total field above the impedance plane and the surface- 
wave field are characterized by a single function A(¢ w,u). Let us show now that we can 


express in terms of this function the energy characteristics. For this purpose we first 
calculate the average electromagnetic power carried by the surface waves through a unit 
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transverse section at y - +, starting from the general formula 
it . 
Pa =| Re(EzHs) dz for y + +00. 
0 
Substituting Equations (2) and (16) in this expression, we obtain the simple relation 


Ps = pig |A (th, p) P (23) 


On the other hand, in the case of unilateral radiation (Figure 4) we have for the total complex 
power 


Pe= \ E\H:dl = ipgk® \ ep Lal, 


On 
Lo Ly 


which can be represented in the form of a sum 


Plo PPP pee Pan Pye ipyk® | lpg a| onl ac ay (24) 
L, 
For specified values of the function ¢ and its normal derivative on Lo, the individual terms 
of (24) are interpreted as before. Using furthermore the expressions in (19), we obtain 
for Pa, and Po the general formulas 


pee ik vee ° A (w, u) B (w, u) 
2c ~ Po Gap . eNO n) = } P3o= O25 \ u (u— p) oe (25) 
B w, u) a War ag* eu BI. (26) 
We now represent the complex powers in the’ customary form, putting P,, = 2Pgq + i2P cy 


(s =1,3), where Pgag and Pay are respectively the active and reactive power: we then have 
for Poa = Pia + Pan 


ie aD 
Pia = Por (ae AG ©) al, yp = gi +2. 
The function yz) satisfies the conditions 
a : 
p=, wast on Lo, ov = 0 for *2= 0 


outside of Lo 
a for y = 0 


Consequently, the preceding relation assumes the form 


Poa = pos | (wy ys )a, 


in which we can transform the contour Ly, on the basis of Green's formula, into a quarter- 
circle of large radius r, contiguous in part with the y-andz-axes. After making this trans- 
formation and taking (20) into account, we find 


ip oes pe y |A (k cos 8, — iksin 0) + A (k cos 0, ik sin 9) }?d8. (27) 


In the case of radiation in both directions, the contour Ly in (24) and (26) must be replaced 
by the contour L. Accordingly, the upper limit of integration (27) is replaced by 7. 


tM. APPROXIMATE METHODS OF CALCULATING THE SURFACE-WAVE FIELD 
We now discuss, on the basis of the first part of this paper, approximate methods for 


the determination of the surface-wave field in various cases. The results obtained are 
illustrated with specific calculations. 
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1. General Considerations 


Equations (15) and (17) enable us to indicate directly the general form of the approximate 
solution when the contour L is closed and the geometric center has a sufficient height Zo 
above the impedance plane z = 0. In fact, let the function @o be the exact solution in 
free space; we can then write as the first approximation 


paz \(G52 — 092) dl, (28) 
L 


2 


A(£w, u) ~e-™% \ etiw—u | Te Poo (+ tw cos (n, y) — woos (n, 2)) | dl (29) 


(w= kcha, u=ksha), 


where the ordinate z in (29) is measured from the height of the geometric center of the 
contour L. It is obvious that this approximation is the more accurate, the higher the 
cylindrical surface above the impedance plane z= 0. Thus, exact solutions for free space 
can be used directly for approximate calculations of the wave field in the case under 
consideration. We can, however, establish a closer connection between ¢,, and the ap- 
proximate solution. Indeed, according to (20), we have for ~,, the asymptotic expression 


iQ (k, 8) i (kr- = Lali es of 
Pea eaaiee aa) beranies Dai Fo G00 Fe) al, 


(30) 


__ ,ik (ycos 0+2z sin 0) 
f =a, ’ 


where the asymptotic characteristic Q(k, 8) determines the directivity pattern of the radiated 
or scattered waves in free space. Comparing (29) with (30), we obtain 


A (w, u) = e“ Q (k, ia), A (—w, u) = e—™ Q (k, x — io). (31) 


In particular, for @ =a), when w =h and u =p, we obtain from (31) the complex amplitudes 
of the surface waves. Consequently, for an approximate determination of the complex 
amplitude A (t w,u) itis sufficient to specify only one asymptotic characteristic Q(k, 8) of 
the radiated or scattered cylindrical waves in free space. 

To illustrate the general considerations, let us consider several particular cases. Let 
for example, the electromagnetic field be excited above the impedance plane z = 0 by a semi- 
infinite flat waveguide with perfectly conducting walls (Figure 5). We then have for Q(k, 0) 
the expression 


(a hot 
OUR (i) = \ (S2 — ikcos 00) aie ce 


0 


irae, 9 \ gikucos® (Poo (y, a) gikasind psy 20 Casa dy. (32) 


—oo 


The first term in (32) is connected with the structure of the field on the open end of the waveguide, 
and the second term is due to the electric currents that flow on the outer walls of the wave- 

guide. The exact values of Qk, 6) for different types of E waves are calculated in [6], where 

it is shown, in particular, that for certain types of E waves we can use the Kirchhoff method 

to calculate Q(k, 8), i.e., to neglect currents flowing on the outer walls of the waveguide, 

and to consider the structure of the field at the open end to be the same as in an infinite 

flat waveguide. Using the Kirchhof approximation, we can put ap/dy = - ih, with y = 0; 

we then obtain from (31) and (32) 


a 


A (4h, p) = ome-m(1 FL) | Ba ereds, (33) 


uy 


s 
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where hg is the propagation constant in the waveguide; E,(Z) is the value of the F 
ponent of the electric field intensity for the given E wave in the waveguide 
It is obvious that the Kirchhoff approximation can be used in the most ener 
arbitrary form of the contour L, assuming that 9,/dn = - ihg@,, on the slots ie i 
ing the currents flowing onthe perfectly conducting parts of this contour, Here as hs Se 
the approximation is more accurate the wider the slots are compared with the sar clens h 
in free space. In all cases, when using the exact or approximate solution for Onanit aa 
essential to have the distortions of the field near the contour L, due to the impedance lan 
quite weak, something which is possible when zo, the height of the geometric contour L 
is sufficiently large. u 
We now consider a second example. We assume that the surface wa: 
impedance plane as a result of diffraction of normally incident plane Sea eee ea 
conducting cylinder (H-polarization) . We separate from the total field the waves incident 


Z com- 


on and reflected from the impedance plane. os 
| 
— ,ikz sing L powttzsin 8 ._ iksin@ +p ——————— 
Pore Poi + ft2 Poe, Sea seg emer (34) 
Gor = ek 03?—zsin BD Cate iS te(ycos h+ez sinters ——— 
| 
where is the elevation angle; Ris the coefficient of PULLIN uustucuit ttt an Nt >= 3 
reflection, and the ordinate z, as before, is reckoned Figure 5. 
from the height zp) of the geometric center of the 
contour L. 


It is obvious that the function @ can be represented as a sum 


Dey = etkz,sinB On + Re—tkz sin B ase (35) 
where the functions q and @» satisfy the boundary conditions 
Of. = Pn 2 OP 
aa CORR ets Pe Whee (36) 


In accordance with (30), (31), and (35), we find 
A (w, u) = eiksinB—t)z6 (k, ia) at Re—ksin B+u)% Qo (k, ia), 
A (—v, u) = ettksinb—u)% Q, (k, m — ia) + Re-(ksinb+w Qe (k, 1 — ia), 
yer af 
Qio(k, 9) = \ (t-2 aE 1.2 Gq 
L 
The expressions in (37) become particularly simple in the case of a circular cylinder. 

In this case Q:(k, 8) = Qo(k, 9 + B) and Qo(k, 6) = Qo(k, 8 - 8), where Qo(k, 8) is the asymptotic 
characteristic of the waves scattered from the circular cylinder as a result of diffraction 
of plane waves incident along the polar axis. Further, if we put 8 =id%, i.e., when 
k cosh @) =h, k sinh @ = p, and R = 0, then the incident wave turns into a surface wave, 
and we have now for the circular cylinder 


A (w, u) = e+% Qo (k, i(a, + 00)), A (—w, 2) = 


(37) 


= e—UtP)% Qo (k, m + i (ao — a)). (28) 
In particular we obtain for the complex amplitudes A(+ h, p) of the surface waves (@ = &) 
the following interesting result: 
A (h, p) = e-?% Qo (k, 2iao), A (— h, p) = e-2P% Qo (k, 2). (39) 


We see, therefore, that the complex amplitude A(-h,p) of the reflected surface waves 
coincides, apart from the factor exp(-2pz) , with the asymptotic characteristic Qo(k, 7) of 
the backward scattering under normal incidents of H-polarized plane homogeneous waves 
on a circular cylinder in free space. 


2. Slot and Waveguide Excitation of Surface Waves 


Let us consider several examples, for which the wave field can be determined in 
a different fashion. Assume that we have a slot in a perfectly conducting vertical plane, 
bearing against the impedance plane z = 0 (Figure 6). In this case E, = ike )9p/dy in the 
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z gap (z4,Z») on the z-axis at y = + 0, where Zz and Z 


are the ordinates of the edges of the slot. From the 
2, general formulas (21), (22), and (26) we obtain 
directly 
2, - 
ae (40) 
| ; 9 = Tipe VE ()G (y, 2, 0, ) ab, 
2 
A (tu, u) = ‘ies \ ia Z) emt za 
Figure 6 2, 
Bw, 2) = — al E; (2) e-“ dz. (41) 


It is clear, therefore, that the excited electromagnetic field and its energy characteristics 
can be completely determined if the function H,(z) is specified. In particular, for a con- 
centrated slot Ez = Vo5(z - Zo) and the foregoing formulas simplify to 


QV 
ikp 


9 e—uz = Yo —uZ» 
ay 9 Bw, uy= —7~e . (42) 


Vo 


o— Tipo G(y, 2,0, 20), A(+w,u) = 


Let us calculate the energy characteristics in this very simple case. First of all, by 
virtue of (23) we obtain for the average power and radiation conductance of the surface waves 


_. kp 12 p—£p2o == 2P + = 2kp Z9 
Roe ee i ee - 
we then obtain on the basis of (10) and (25) 
Ie k 
Bon = = 5 HY (vy) (v = 2kza), ed 


where goc is the additional complex admittance, which appears in the presence of a perfectly 
conducting plane z = 0. In precisely the same manner we readily obtain from (27) 
Ze k 
Soa = TAG 55, (4 + Jo(v)). 

Here gy is the active radiation conductance of the concentrated slot above a perfectly con- 
ducting plane, the first term corresponding to the active conductance in free space, and the 
second part of the active conductance, from (42) in the second formula of (25), we arrive at 
an expression for the third part of the complex admittance 


(45) 


* oo 
P Qikpl —2UZ 
gn aa eel dw (u = Ww? — ky"), 
3c [Vo pom \ sam ( : ) 


Let us consider the /plegralion paths (0,k) and (k,~) separately. On the first path we 
have u = i(k? - w’)!/2, and on the second the point w =h is a pole which is to be circuited 
from above. Therefore, putting on the first part w =k sin 6 and going around the 
aforementioned pole, we can represent the expression for 83, in the form 


i 72 ivcos 0 peas Mery 

2k Z \ e are e ° du 

pot |} Z+icos§ pot Ju—p w 
0 0 


(Z = pik, w= (k2 + uw)", 


E3c— 80 (46) 


where gp is the radiation conductance of the surface waves, defined by (43) . We consider 
the principal value of the second integral in (46) in the Cauchy sense. It is easily seen that 
the active part of the admittance g3, = Re gc is given by the relation 
kZ ae ev cosé } 

\ 0. 


2pomt Z+icosh* 
0 


83a = §0 


Putting now i exp i@ = t, we arrive at a contour integral along the unit circle in the complex 
plane t, taken counterclockwise. Considering further the well-known equality (2 is a closed 
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contour surrounding the point t = 0) 


\ et exp S(t —+)dt =2ni(— 1)"Jn(v), 
l 
we obtain the expression 


Bon = go — =F (Jo(v) +2 St HJnlv)) (tr = (224 1)"*— 2), (47) 


n=1 


We thus have from (45) and (47) the following expression for the total active conductance 


Bo = gu[t + Jo(v) + Pen 2% — =P (Jo (%) +2 51 Gyn ())]. (48) 


n=1 


Formula (48) is suitable for calculations with moderate values of v = 2kz). In particular, 
when v « 1 it is seen from (48) that g)/gq ~ 2ph-! (1 + ph~!), and in this case fa = 
~kpy 1(1 + ph7!)"!. Whenv > 1, the excitation of surface waves is weak. A corresponding 
estimate can be obtained by the stationary-phase method, according to which 


opalicsa) 


iv t) 
yoy 7 i) Z+i’ 


and therefore when v >> 1 we have from (45) and (46) 


fa = 80+ 95. (1 + (Gp) o0s(v—4))— 


2 \'h kZ 1 A 1 \ 
—(=) ae (2 08 (v—+) + sin(v— 4). (49) 
As can be seen from (40) and (41), a change to relations (42) for the concentrated slot 
is possible when the conditions kb< 1 and pb « 1 are simultaneously satisfied with b = 
= Z) - Z, the width of the slot. An account of the finite dimensions of the slot calls for 
a detailed analysis of the field for y < 0, and subsequent matching of the results in the 
gap (Z1,Z») of the z-axis. Let us assume that the gap is the open end of a flat wave- 
guide, the lower boundary of which is an impedance plane with characteristic value p; = 
= kZ, > 0, while the upper boundary is a perfectly conducting plane (Figure 7). The 
functions @, (y,z), which determine the fields for 


y > 0 and y < 0, satisfy the continuity conditions Z 
of the points of the slot 
Op_ _ 20+ 
(50) el 
FVUURORUOUTTOOTVOTOOTONT00000 poem 


dy =< oy ’ Q_ =, Py. 
Consequently the characteristics of the field can be 
determined for y > 0 from the formulas (40) and 


(41) have the form Figure 7 
eae, 
MU ae arora Bae (y, Z, 0, ¢) dC, (51) ne 
2 \ dy A (+u, u) = 2\ pate 
2 4 i 
B(w, x) =| tS e-wz dz, (52) 


Inside the waveguide, for y< 0, the field is characterized by the system of waves 


@n (ys 2) =Wn (zt, ty = (4? — 92)", Yn (2) = 608 Gn (2 — 29); (53) 


where qn are the roots of the equation qn tan Qyb = -py(2n -1) 7/2 < qnb < nt n= A, PAY Pet 
where qo = ipo; Po is the positive root of the equation po tanh pob = py, corresponding to a 
slow wave with propagation constant hy. We note also that when p; = 0, i.e., when the 
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boundary z = z; is a perfectly conducting plane, we have the usual flat waveguide and here 
already pp = 0(hy = k) and all gnb = n7( = 1,2,...). ‘eoe oe 

Consequently, in the rigorous formulation, the field in the waveguide is specified 
in the form 


p= pe (2) 8” +S} aut (2) e's (54) 


n=0 


where the first term determines the incident wave (k> qg) and the second term is the sum 
of the reflected waves together with the exponentially damped part of the field. From (54) 
we obtain for y =0 


oe) : so 
g_=Ps(z) + > Ann (2); a = — hss (2) +1 >) FendrtPn (2) « (55) 
n=0 n=0 
Substituting the second of these expressions in (51) and then using the boundary condition (50) 
and also the orthogonality of the functions ~,(z), we obtain an infinite system of equations for 
the determination of the coefficients ap. 

This method of setting up the exact solution is cumbersome, since, the use of the 
second condition in (50) entails cumbersome calculations of the coefficients of the expansion 
in the functions ~p(z) and, it is necessary to determine whether the infinite system of equa- 
tions for the coefficients ay can be solved. Taking these features into account, we shall 
point out only a few limiting cases. First of all, for a wide slot (kb > 1), we can neglect, 
within the framework of the Kirchhoff approximation, the effect of reflection and consequently 
put 0~_/dy ~- ihgdg (z) for y= 0. Substituting this expression in (52) we are in a position 
to calculate approximately the complex amplitude of the excited surface waves, together 
with the energy characteristics of the total electromagnetic field. Obviously, the second 
condition of (50) cannot be satisfied in strict form in this approximation. Therefore for this 
approximation to be accuract it is necessary not only to satisfy the condition kb> 1, but 
also to have the center of the slot z) = (z, + Z») /2, high enough above the impedance plane, 
so that the distortion of the field at the points of the slot, due to this plane, is small. 

Now let kb be small, more accurately kb < 7/2 when p, = 0 or kb < 7 when p; = 0 
In this case all hn (n= 1,2,...) are pure imaginary, and the incident and reflected waves 
correspond tos =0. Neglecting in (54) the exponentially damped part of the field, we 
obtain for y = 0 the approximate expressions 


p_ = (1 + ao) po (2), a = — iho (4 — ao) po (2). (56) 


Substituting the second expression of (56) in (51) and (52) we have 
I 2 
G. (Ys 2) = ECL — ao) \ po (2) G (ys 2 0, Oa, en 


AGE Ww, u) = — 2iho (4 —_— ao) \ Yo (z) e— dz, 


cat 
Ze 


B (w, u) ~ iho (1 — a3) \ po (z) e-“ dz, (58) 


2 


where the second condition of (50) can be satisfied only in the mean, so that the coefficient of 
reflection aj is only approximate. This coefficient can also be determined from energy 
considerations or else by stipulating for a narrow slit (kb « 1) the satisfaction of the 
second condition of (50) at the point z + Zp. 

To highlight the difference between the approximations (57) or (58) and the results 
for a concentrated slot, let us calculate the radiation conductances of the surface waves 
in the simplest case p; = 0, i.e., when %(z) =1 and hy =k. From (58) we obtain 


Vo »zSinh (pb/2) 


A (4 hy py 7 Renee I, Vo = \ Bede = pyle) (al = ae) 0, (59) 


2 
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where Vo can be regarded as a voltage applied to the edges of the slot. We now use (23) 
and obtain the following expression for the radiation conductance of the surface waves 


2P 
i) |Vo 2 = 
2 
_ 2kp ,_onz,( Sh (pb/2) Y 
ws ar Pla rack ou 
J A comparison of (43) with (60) again shows 


that to change over to a concentrated slot it is 
necessary to satisfy the condition pb «1. At 
the same time, the approximate expression (60) 
obtained for kb < 7 (p, = 0), indicates that the con- 

Figure 8 ductance is greater than that for a concentrated 
slot. 

Now let the sources be distributed on the segment (-a, a) of the y-axis; then, shrinking the 
contour L in (7) to this segment, we have 


a 


A (4h, p) = | (B+ po)etindy. ee) 


—a 


If the segment (-a,a) is the open end of a flat waveguide (Figure 8) then for kb > 1 we 
can proceed as previously, namely put for y = 0 


(14 55) #, B, = Ho cos a. (y — a) (62) 


and thus calculate approximately the surface-wave field. It is obvious that this approximation 
is less accurate than the one considered above, since a noticeable field distortion may take 
place in the vicinity of the points y = + a, owing to the presence of the impedance plane. 


2 


QUT T° 
Figured 9. 


Another variant of the excitation of surface waves is indicated in Figure 9. Here the 
impedance plane is realized with the aid of a comb structure with an open section (-a, a) , 
to which the specified field Ey = Eg(y) is applied with z =-1. Assuming, as is customary, 
that when -/ < z < 0 the field in the grooves is characterized by a function $i = C; exp ikz + 
+ Cy exp (-ikz) , we can readily establish that 


ag te = 
= po = Fp 800 HL Es for 2=0, |y|<a 


Obviously, we have expressions of the same type for the surface-wave amplitudes in either © 
excitation variant. On the other hand, if the segment (-a, a) is perfectly conducting, and has 


concentrated slots at the points yg (s = 0, 1,..., m) (Figure 10, (61) assumes the form 
m ’ a 
A (+ h, P) = ‘les »2 Vier's Bi p \ pexty dy, (63) 
s=0 —4 
tf 
Muuelub SS SY 
. Figure 10 
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in which the values of the function ~ on the segment (-a, a) are not known exactly, but 
are given in first approximation by 


px go = — gh VHP (ey — yd? + 2)". (64) 
s=0 


This approximation, as it were, "takes no notice" of the impedance plane that begins 
at y = +a, and can be used in the zone where the slot is situated, provided the outermost 
slots are relatively far from the points y=+a. For the sake of illustration we consider 
a single concentrated slot at the point yy = 0. We then obtain from (63) and (64) (@ = ha, 


Bo = k/h) 


V, . 9,1) 
A (4h, p) =— Fel + (1 — Bi)" He (Bo, @)), 
H. (30, «) = \ cos ti/§? (Bo, t) dt. (65) 


0 
Here f) is the retardation coefficient, and function H,(80.@) is tabulated in reference [7] . 
On the basis of (23), we obtain an expression for the two-sided radiation conductance of the 
surface waves : 
Ie 9,1! 5 2\ Yo 
go = (1 — Bo)*| 4 + iL — Bo)” He (Bo, @) /?. (66) 
Here H, (£o,%) =i@l - B§) “1/2 and therefore gy = 0 when @=~%, as it should be. 

For a more rigorous analysis of the edge effect, we point to the exact solution of this 
problem for the particular case when the slot is located at the point y = -yo of a perfectly 
conducting semiinfinite portion (-~, 0). of the y-axis, where the second semiinfinite 
portion (0,~), is the impedance plane. We represent the function ¢ in the form of a sum 


Vo 1/, 
=o +%, Go = — 5 Ho (k ((y + yo)? + 2)"). (67) 


We then obtain on the basis of (3) (y< 0< and the condition 0¢/0z = 0 for z=0 andy <0 
(y #-yo) the relations 


ap a (2 
3 = 0 for z=0,y¥<0, P+ pyp= F2 HS (ky +yp)) john aa 0, 4350, 
Substituting the plane-wave expansion of the function w(y, z) 
c a 1 
» (y, 2) = \ T (w) ety-ue (uw = (w — "2, Reu > 0) (68) 


( 


and using the integral representation of the function Hi?) (x), we obtain 


foo} 


\ Tw) e-dw=0 for y <0, (69) 
ae? we 2! Vo ee me 
\ = —1)P Ww) er dw = — ie \ e-uruyent dt for y > 0 (Imk<0). 
—co 0 
(70) 


The theory of equations of this type [8 — 12] is based on factoring the expression 
p/u - 1 =f,(w) f-(w), where the function f+(w) is regular and has no zeros in the upper half 
plane (Im w 2 0), the function f_(w) is regular and has no zeros in the lower half plane 
(Im w <0). These functions are known [12], and for the simplest right-hand part, v = 
=r exp (-isy) Im s < 0), the solution is given by 


LC. O=— = : 
s (w) 2ni f_(s) f- (w) (w—s)’ 
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ee 


while summation must be carried out for the right half in (70) ; as a result we get 


co 
‘ —ky cht 
. (w) = p¥o \ ee 
( ) 207kpofy(w) ) f_(kch ct) (w—ken iy (71) 
0 


Formulas (67), (68), and (71) give an exact solution of this problem, and the separation 


of the residues at the point f,(w) determines the excited surface-wave field for y > =. 


18 


2. 
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DIFFRACTION OF ELECTROMAGNETIC WAVES BY 
CONCAVE SURFACE OF CIRCULAR CYLINDER 


B. Ye. Kinber 


The diffraction of the Sommerfeld edge wave on the concave surface of a mirror leads 
to multiple reflections of this wave and to the appearance of "whispering gallery" waves. 
These effects are investigated in the present article using a model consisting of a current 
filament placed inside the edge cylinder. The radiation conditions are satisfied by intro- 
ducing multiple sheets. The laws of geometric optics and the field near the caustic of the 
whispering-gallery wave are investigated. 


INTRODUCTION 


The presently known solutions of diffraction problems pertain in the overwhelming ma- 
jority of cases to convex bodies [1,2] . In the limit as} > 0, they go into the solutions of 
geometrical optics, which yields, under these conditions, singly reflected and divergent 
beams of rays. It is known [8,4] that diffraction by concave bodies gives rise to qualitative 
new effects such as caustic field surfaces, multiple reflections, the whispering-gallery ef- 
fect, etc. 

The investigated cases of diffraction on concave bodies — parabolic cylinder [5] and 
paraboloid of revolution [6] with the source of excitation located at the focus — are not 
typical cases, for in the limit they yield a single reflection. The singularities of diffraction 
by convex bodies manifest themselves when the source is located near the wall and the geo- 
metric-optic solution yields multiple reflections. 

The analysis of the diffraction effect is made complicated by the fact that, owing to tech- 
nical difficulties, the calculations can be carried out only for bodies of simplest forms, in 
which only closed cavities have concave surfaces (internal surface of a cylinder, sphere, el- 
lipsoid, etc.). 

The excitation of a closed volume by a source placed inside the volume produces standing 
waves, rather than the traveling waves that are characteristic of the exterior problem of dif- 
fraction theory. 

In reference [2] , waves that circulate over the surface of the cylinder many times are 
considered formally as being located not on an ordinary surface, but on a Riemann surface. 
From this point of view, the wave excited by the source circles the origin and never returns 
to the point of excitation. 

If this procedure is adopted for internal problems, it can be assumed that the field excited 
by a source located inside a closed volume satisfies the radiation principle. In this case, how- 
ever, the diffraction field of interest to us should be considered on each sheet of the surface 
separately. 

In the present paper we consider the simples problem of diffraction on a concave surface 
— the internal surface of a circular cylinder. The source of the field is a current filament. 
This problem can be regarded also as the limiting case of an infinitely thin helical waveguide 
of rectangular cross section with an internal wall that has zero radius of curvature and with 
a helix that has a zero pitch. To solve this problem, we introduce a system of normal waves 
traveling in the direction+9. This system of waves is equivalent to a system of guided waves 
for helical waveguides. We then construct the Green's function of the problem. An analysis 
of the resultant solution enables us to describe the multiple reflections of the edge wave, the 


field near the caustics, and the whispering-gallery effect on the concave surface of a cylindri- 
cal mirror of finite size. 


1, EIGENFUNCTIONS OF THE PROBLEM 


Let us determine the eigenfunctions of the wave equation 
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AU +1°?U =0, (1) 


where U is the Hertz potential* for the internal region of a circular cylinder of radius a, 
Leia on a plane having an infinite number of sheets, subject to the usual boundary con- 
itions 


U=0, (2) 
au 
rioks (3) 


Introducing the cylindrical coordinates r and ~ and separating variables, we obtain 


®’ + v°D = 0, (4) 
(kr)?Z” + (kr) Z’ + U(kr)? —v?] Z = 0, (5) 
U = (9) Z (kr), (6) 


where V is the separation constant. 

The eigenfunctions and the eigenvalues V, are determined by solving (5) subject to boundary 
conditions (2) or (3). 

Let us consider first the solutionof (5), Zp = QJy(kr) + BI_y (kr), (for the sake of 
uniqueness, we put Rev > 0) for the field between two coaxial cylinders of radii a and b, 
and then go to the limit as b - 0. This leads to an equation 


Jy (ka) J_, (kb) — Jy (ka) J, (kb) = 0 
subject to boundary condition (2) and to an equation 

J, (ka) J_, (kb) — J_, (ka) J. (kb) = 0 
with boundary condition (3) . 


Going to the limit as b ~ 0 and recognizing that Jy, (x) ~ x™ when x <1, ‘we find that the 
eigenvalues Vv, are determined respectively as the roots of the equations 


J, (ka) = 0, (7) 
Jy (ka) = 0 (8) 


é 
subject to boundary conditions(2) and (3) and to the additional condition Re v > 0, 

Equation (7) or (8) has for Re v > 0 an infinite number of roots, of which approximately 
2a/X are real (0 =v =ka) and correspond to undamped guided waves. The remaining 
roots are imaginary and correspond to damped waves. 

The two independent solutions of (4) 


D, = eve, 


@M, =e"? (9) 


correspond to two systems of waves, traveling over the angle ~ in opposite directions. 
The condition Im v > 0 follows from the radiation principle. Consequently, all the 
eigenvalues of (7) or (8) are contained in the first quadrant of the complex plane v (Figure 
ales 
The field of each natural wave is "pressed" against the concave wall of the cylinder 
(the Krasnushkin effect [4]). When kr < v the field decreases monotonically with increasing 
distance from the wall, i.e., with decreasing r (Figure 2) . 
The structure of the natural waves of the concave surface is close to the structure of 
the natural waves for a flat-layered medium in the case of the earth's surface waveguide [8] / 
In the region kr > v the quantity v/r is the component in the ¢ direction, and the quantity 


*Since the field vectors are proportional to U or its derivatives, we shall henceforth con- 
sider the function U itself. 
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Figure 1. Location of roots of the equation Figure 2. Profiles of three first normal 


Jy (ka) = 0 [for J (ka) = 0} on the complex waves. The lower line corresponds to the 

v-plane. The eigenvalues of the problem cylinder wallr=a. The first proper wave 

correspond to the roots located in the first corresponds to the largest real v. The con- 

quadrant. The largest real root is ~ka. tinuous line is the boundary condition dU/dr = 
= 0, the dotted line is the boundary condition 
U=0. 


V pat (2) is the r-component of the wave vector k. This follows from the asymptotic 
: 


expansion for Bessel functions 


J, (tr) = Ee, fer ay, (10) 

where 
— = V (kr? — v? — v are cos — mae (11) 

hence 


= 2aV “es (2; 


d 


2. GREEN'S FUNCTION 


Let us determine the Green's function T =I (r,y,r',@,) of the problem, i.e., the 
function with the following properties. 

1. It satisfies Equation (1), with the exception of the point (r',¢') where the source is 
located. 

2. At the point (r',¢') it has a singularity corresponding to the two-dimensional 6 
function -476(x - x',y - y'), or in other words, near the source we have 


T = inHy” (kp) ga es (12) 


where p is the distance between the source and the point of observation; I'' is a finite function. 
Whenkp <1 we have imH)(!) (ko) =-2In ko. 

3. As |p - @'|~~© the function satisfies the radiation condition, i.e ., it is a wave 
traveling from the source. 

4, On the surface r = a of the cylinder it satisfies the boundary condition (3) or (2) 

Further we use in lieu of condition (12) the equivalent condition 
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ov or 
OP |~=e'+0 OP |x=~’—0 


= — 4nr’3 (r — 7’). (13) 


We seek the function I in the form 


T= eee (kr) es%e—"e" gp > ©, 
Ss 


ry 
I 


ers kr —iv iv.o , 
2a ical ie el td (14) 


where A. are the sought coefficients; ng are roots of (7) or (8). 


The series (14) satisfy the properties 1, 2, and 4. The coefficients Ag will be determined 
from condition (13). Substituting (14) in (18) 


y 4s 3 ey 
— Jy, (kr) N= — 4nd (r — T) 


multiplying both halves by Jyg» integrating from 0 to ka, and using the well-known relation 
Dade 4 EA law ae Bee 
— 22 = 


£ n? — m? 


along with the boundary condition (7) or (8), we obtain 


A, = idx (15) 
where 

Ne noe : a3 Threw’ (16) 
for boundary condition (7) and M 

N, = J. (he) artery Jo |» (17) 


for boundary condition (8) . 
The series 


Jy. (kr) Sep (kr’) 


Axi iv. |e—9" | 18a 

r — ka a dJ, (key gy, ) '- | i 
: aes UR (kr) Jy. (kr’) eis! 9%! 

_ fa = 18b 

© Jy, (ke) zea cary Jy (ha) (18b) 


« 


satisfies all the conditions imposed and isthe solution of the problem for boundary conditions 
(2) and (3). 

Let us place, for the case of boundary condition (8), the source on the wall (r' = a, 
«' = 0) and let us regard (18b) as a sum of residues. The Green's function can be rewritten 
in the form of an integral along the contour Cy (Figure 1), including all the roots of (7) or 
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(8), located in the first quadrant of the complex plane, 
1D) J, (kr) 
\ v 


Fee) 


ev lel dy, (19) 


3. ASYMPTOTIC EXPRESSION FORT 


The field can be calculated directly from formulas (18) only for relatively small ka. 
To calculate the field away from the source (kp > 1) it is necessary to take into account at 
least all the propagating waves. As will be shown below, when ka « 1 part of the normal waves, 
for which kr > v, can be replaced by their rays. 

When | - 9 |< 7, the number of rays is much less than the number of normal waves. 
The introduction of rays clarifies the physical picture of the field and greatly facilitates the 
calculation. : 

However, the normal waves, for which V @ ~ks, cannot be represented in the form of 
any rays whatever and must be interpreted as whispering-gallery waves. 

We shall consider further the region of points of observation away from the point of 
excitation (ko > 1), but located on the first sheet (|o-@'|<™7). 

To change over to the ray representation, we transform the contour Cy into the contour 
C; (Figure 1), which covers only part of the real roots and then goes upward to infinity. 

0<v<ka— (ka) (20) 

The integral over the region remaining beyond C, will be represented in the form of a 
sum of residues. This procedure, by which the resultant field is represented in the form 
of a sum of rays and normal waves, is not unique. It remains valid, however, for any 
number of separated normal waves. Taking the foregoing into account, we have 


af k J, (kr) A : 
Dy ( v( z s evel et (21) 


ivleldy 4ni 
7, (hay ° gigvteeee Zz 
os dvd (kr) 
and the sum (21) is taken over all the roots of (8) which do not satisfy (20) . 
In the calculation of the integral (21) we employ the method of stationary phase. For 


the stationary-phase points V, satisfying the condition 


J, (ka) 


Cay "kee (kr) , (22) 


the calculations yield the rays of geometrical optics. The stationary-phase points in the 
region 


kr — (kr) <y <ka— (ka)'/s (23) 


correspond to the field near and beyond the caustics of the rays. 

A. The rays of geometric optics. We shall first assume that condition (22) is valid over 
the entire contour C;, and we can consequently use the Debye asymptotic expansion (10) for 
J). We shall not, however, use in the calculations all the roots of the stationary-phase 
equation, but only those roots that lie inside the interval -(22) . 

Substituting (10) into the integral of (21) and recognizing that 

4 


Io @=— aE ee ine, 
we obtain coat ' Wee : 
Seer HC ter) Dene, 
a 0 
oo Cr (24 
=\ 2 =. evel dy = 2 >| rl é ade dv, 
where g, Jy Gr) 0 & Vuar—vi Vane v 
pr = +E +(2n +4) &a + V9; 
&. = V(kn— v — v are cos > — =F; 
i) \ ae v mt (25) 
&, = V (ka)? — v? — v arc cos ere 
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set of the integrals in the right half of (24) will be evaluated by the stationary-phase 
method. 
The stationary-phase points V are determined as the roots of the equation 
dnp ee 


eS cos + (26) 


+ — (2n + 1) arc cos = 0 
or putting 


Vv av) 
fo = arc — == . Bal ¢ 
cos aa A@ arc Cos aS 


~ = (2n +1) go F Ag. (26a) 


The geometric meaning of ©) and Ag is illustrated in 
Figure 3. A direct solution of (26) with respect to v leads 
to an equation of degree 4n + 2 and is possible only when r = a. 

We get around this difficulty first by assuming 1 specified 
and determining all the points of observation r=r(@) cor- 
responding to the given stationary-phase point. 

It follows from (26) that 


Figure 3. Construction of 
n-fold reflected ray; 0 — 
point of radiation, P — r= RR (27) 
point of observation, R= a. Se len) Gel! 


i.e., the geometric locus of r@) is a straight line determined by the segment a cos p, 
turned by an angle (2n + 1)@p. 
It is easy to see that this line is a ray emerging towards the wall at an angle and 
reflected n times. The case n = 0 corresponds to the primary wave of the source. 
We now consider the envelope, the caustic of the family of rays experiencing n reflections. 
From the parametric equations of the caustic 
tg Po 


) j 
5gg =O OF P= (2n+ 1) G— are tg 5% (28) 


and from (26) it follows that the point of tangency between the caustic and the ray (Figure 4) 
is located a distance a sing)(1 -__1 ) from the point of reflection. For n = 0 the 
2n +1 
caustic is the source itself. 
For ©) < 1 and n > 1 we can approximate. the caustic equation in explicit form: * 


r= a COs TF (29) 
> 0 
Figure 4. Construction of point of tangency Figure 5. Caustics of n-fold reflected rays. 
and caustic: A — point of tangency; R= a. Rays passing through the point of observation 


P should be tangent to the caustics. The total 
number of rays is determined by the number of 
caustics N, located between the point P and the 
center of the circle. 


*It is interesting to note that in approximation (29) the caustics differ from each other 
only in a"'scale" based on the angle 9. 
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Figure 5 shows the family of caustics forn=1, 2, 3, 404 i 
We can now determine directly all the stationary points v for each n for a specified 
point of observation (r,g). They are determined in terms of the angles for all 2N + 1 
rays, which are tangent to the caustics and pass through the point (r,¢). Forn ie 0 there 
always exist two n-fold reflected rays, namely, one before tangency to the caustic (the term 
wv) and the second after tangency to the caustic (the term ~’). ; 
The total number of rays and, consequently, stationary-phase points in the sum (24) is 
limited to 2N + 1, i.e., it is determined by the number N of caustics lying between the point 
of observation and the center of the cylinder. ; 
The closer the point of observation to the wall, the greater N. When r = 0 the solution 


of (26) is obtained in explicit form 


ad g 
v = kacos an? 
where 
T_T a fOnueabee 
m=n + 4 for Dare (30) 


It follows from (30) that in the case when r = a, we have N =», and the stationary-phase points 
condense near ka, which violates the initial approximation of J, for n >1. 
We now consider the amplitudes and phases of the individual rays. Writing 


1 1 


pF t = SEs _ 2n 1 ——————————) 31 
substituting for V the expression ka cos (, and integrating (24), we obtain 
2N-+1 
2 J, (kr) Ait ees 4 
= \ —7—_ dv=2iVix : 
al re ae ue 2 V Gn+ tle) Fe, | 
fendl 2 == i Nope : — 
xX exp {i [x [(2n +1) asin Pon -F Qu] (n+ x a) > += sin (rF po) |}, (32) 
where 
Po = Vr — (a COS Qo)”; 
asi Qo (33) 


be os 2n+1 


The geometric meaning of py and p; is clear from Figures 3 and 4. It follows from (32) 
that the rays satisfy the laws of geometric optics, i.e., a) the power flux is carried forward 
by the ray tube, b) the phase is proportional to the length of the path, c) on passing through 
the caustic the phase experiences a jump of -7/2. After n reflections the ray tube broadens by 
a factor 2n+1. 

B. Field near and beyond the caustic (point of observation does not lie on the wall (r < a)). 
It follows from the foregoing that some of the stationary-phase points lie in a region where the 
Debye expansion for J,(kr) is not valid, although it is still valid for J'y(ka) . From the geometr 
cal point of view this means either that the point of observation is located near the caustic of 
some rays, or that some of the rays ''fly by'' between the point of observation and the wall. Whe 
as in the former case the laws of geometric optics yield values for the amplitudes that are too 
high, in the latter case they yield "zero" amplitudes. Actually, the diffraction "smears" both 
phenomena. Let us examine these phenomena in greater detail. If the point of observation 
moves along a ray (i.e., V = const for one of the members of the sum), then at the center of 
the ray V = kr and the Debye asymptotic approximation is inapplicable. In addition, at the 
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point Py = p; where the ray is tangent to the caustic, we have y" Vv) = 0, as follows from (31) 
and the integration carried out above is invalid. 

Although the Debye asymptotic approximation is formally inapplicable near the center of 
the ray, it does yield the correct answer in the present approximation, for according to es 
the amplitude varies smoothly along the ray. The reason for this is that the product V (kr) *-v 

remains continuous, at the center of the beam. 

Near the point of tangency between the beam and the caustic it is necessary to retain 
the cubic term in the expansion for ~. This introduces an Airy function upon integration of 
(24). This approximation goes into the approximation of geometrical optics away from the 
caustic, and yields a finite value of the amplitude in the region of the caustic. The maximum 
values of the amplitudes are not on the caustic line, but are shifted somewhat closer to the 
cylinder boundary, i.e., on the two sides of the point of tangency between the beam and the 
caustic if the motion is along the beam. If the point of observation is displaced beyond the 
boundary of the caustic, closer to the center of the cylinder, it is necessary to use for the 
numerator of the integrand in (21) the Fok asymptotic approximation 


er oped baht pis oe 
J, (kr) ey v(t), (34) 
where v(t) is the Airy function; 
2 \'/s 
= (=) wan); 
o()~\er™sinf = (-oe+ 2], 1<—4; 
v (t)~ 4 exp [-se], o>. (35) 


Figure 6. Contribution made to 
the field at the point of observa- 
tion P by the rays passing near P 
and the center of the circle. 


To calculate the influence of the rays located between the 
point of observation and the wall it is necessary to use 
approximation (34) for Jy (kr) . The position of the sta- 
tionary-phase points 


Pom = Ses 1 

shows (see Figure 6) that the main contribution to the field is made by the nearest m-fold 
reflected ray, traveling between the point of observation and the wall of the cylinder. The 
amplitude of this field depends exponentially on the distance between the ray and the point 
of observation. 

The propagation of the wave along this section (from the ray to the point of observation) 
takes place with infinite phase velocity (as in the case of the earth-surface waveguide when the 
point of observation is located above the waveguide channel [8]). 


4, WHISPERING GALLERY WAVE 


As shown above, the integral over the contour C; gives the field of rays of geometrical 
optics and the field in the vicinity of the caustic. It was assumed everywhere in the calcula- 
tions that v < ka - (ka) : , i.e., some of the roots of (8) were encircled by the contour C;, and 
the integral was replaced by a sum of residues. 

We shall now transform this sum in (21) and analyze the contributions of these waves. 

When Vv ~ ka and v ~kr we can employ for J)(kr) and Fok's asymptotic expression 
[7] , according to which 


4 33 \'/s5 
Jy (kr) = Fa (Gr) 2 (36) 
BJ, (kr) ene 
dvd (kr) Vu er (2). S7) 
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Substituting (36) and (37) into the sum (21), we obtain 


; J,_ (kr) : 1 v[m(t.+Y)] 5. 
4ni NI s iv. - 2, /s \ s iP? 
7 >» =i CO ee Ta (=) m 2 Sa pe e?s®, (38) 
dvd (kr) 7 (ka) 
where 
“a \\h 2\%4% ka \'h 
red rep ae y=k(a—n (qe) 3 Ps = ha (5) 63 


t, is the s-th root of the equation v'(t) = 0; 


to = = 150159 t= = 4782: 


GS = OPE tin RS {5 [2s 4) 3 as =|”. (39) 


It follows from (38) and (39) that t, < 0, and the quantity ts + y can be both ‘less than and 
greater than zero. 

When t, + y < 0, the proper wave has an oscillating character, while when t, > 0, i.e., 
away from the wall, it is damped. In analogy with the field of rays bounding between the 
point of observation and the wall, the first normal wave makes weak contributions to the 
field away from the wall. When ts + y < 0, the field is produced both by the usual wave and by 
the normal waves. Since the functions v(t) have been tabulated in detail [8], calculations 
by means of formula (38) entail no great difficulty. 

When r = a the sum (38) becomes much simpler, viz., 


ese 


2ai( ee) 2s re (40) 


s 


It follows from the last expression that when ka > 1 there travels over the surface of 
the cylinder a wave whose amplitude decreases but little with increasing ». The fundamental 
wave among this totality of normal waves is the lowest-order natural mode of the cylinder. 

Thus, calculations confirm Rayleigh's point of view [3] that the anomalously weak 
damping of sound directly at the concave wall is due not to the focusing of the reflected 
waves, but to the presence of a specific wave hugging the concave wall. This wall is analo- 
gous to the wave in the earth's-surface waveguide [8] . 


CONC LUSION 


The results of previously made calculations of diffraction on convex bodies shows that 
in the limit as  ~ 0, the field can be represented as a sum of "rays" satisfying the Fermat 
principle. Some of these rays are the ordinary rays of geometric optics, and some are 
diffraction rays [2], traveling over the surface of the body and attenuating exponentially in 
the shadow region. 

The results of the present calculations show that the asymptotic representation of the 
field in the form of a sum of rays is valid alsofor diffraction on a concave surface. A 
characteristic of this case is the multiplicity of the rays of geometric optics. The equivalent 
of Keller's damped diffraction rays are the undamped whispering-gallery rays, traveling 
along the surface of the body. These rays are better regarded as being of the waveguide type, 
guided by the concave surface of the body. 

The reduced rate of field attenuation is noticeable even when the point of observation 
moves away from the source at a constant distance from the wall greater than the thickness 
of the whispering-gallery wave layer. As (is increased, the number of incoming rays is 
increased, as a result of the crossing of the caustic lines, and the field attenuates on the 
average more slowly than Va. 

In conclusion, I consider it my pleasant duty to thank L.A. Vaynshteyn and A.A. Fedorov 
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for interest and valuable advice as this paper was being written. 
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SUPPRESSION OF RESONANCE PHENOMENA 
IN MULTIMODE WAVEGUIDES 


R.B. Vaganov and V.V. Meriakri 


Specifications are listed for filters for the suppression of undesirable modes, based on 
the premise that resonance phenomena are to be supressed. A method is described for the 
measurement of the parameters that characterize the resonant parts of the system; a method 
is proposed for eliminating the resonant effects, using strongly coupled directional couplers; 
the results of experiments on a specific filter model are reported. 


INTRODUCTION 


Waveguides of increased cross section, in which the operating modes can be accompanied 
by undesirable (parasitic) modes, are finding more frequent use in antenna techniques. 


*From the paper by R.B. Vaganov, Yu.M. Isayenko,V.V. Meriakri, ' Resonance 
Phenomena in Multimode Waveguides and How to Combat Them," delivered at the Session 
of the A.S. Popov Scientific-Technical Society for Radio Engineering and Electric Communi- 
cation, 19 May 1960. 
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The greatest interest is attached to round waveguides in the Hy mode, in which attenuations 
on the order of several decibels per kilometer are attainable [1]. Undesired modes, brought 
about by inhomogeneities of the system, usually have a small amplitude; being resonant, 
however, they can cause large added losses * in the transmitted fundamental mode [2] , and 
also increase the standing wave ratio (SWR) of the resonating portions and produce overvoltages 
in them. 

A classic example of an inhomogeneity that gives rise to parasitic waves is a smooth 
transition piece between two regular waveguides. When the fundamental wave travels through 
this transition, a parasitic wave is produced starting with a certain (critical) cross section 
and then propagates in the waveguide independently of the fundamental wave. A waveguide 
section capable of supporting two modes, situated between two such transitions, can under 
certain conditions resonate with the parasitic wave. 

In reference [2], the coefficient of transmission of such a section, of length L (Figure 1) 
is calculated by representing the transition in the form of a three-port with scattering matrix 
S. The transition is assumed lossless and matched on the input side. Under these conditions 
all the elements Imp of the scattering matrix are expressed in terms of the coefficient of 
transformation of the fundamental wave into the parasitic wave, Ipg2. The expression derived 
in [2] for the transmission coefficient is 


a 4 _ 262 (4 — TF) (4 — cos @) 
lies eas (te) {! Sayeed oe : ay 


Here D = |Tqg|; = %4 - bo; ¥1 = (Br - jor) L — 1; Ye = (By - JX) L — 9; B is the propa- 
gation constant; @ is the attenuation factor in the two-mode waveguide; Qy = arg I44 Go = 
= arg Io. 


1 (1)Fundamental wave 


Rms 
(O) Input] sition 


(2)Parasitic wave sition | (O) Output 


Figure 1. Diagram of resonant section. 


Expressions for the remaining quantities in the cavity can be derived in similar fashion. 
We give here an expression for the coefficient of reflection from the cavity 


Rj =r T?) (1 — e/?) give : (2) 
4 — e—/2%2 =i e/%))2 


which is of interest to us. 
A manifestation of the resonance is that when the conditions 


shy (OP) == iyi, fa) Sh, Be so o (3) 


are satisfied, an absorption line is encountered in the signal passing through the portion of 
the channel. The losses introduced into the channel of the fundamental wave become maximal, 
and reflection from the resonating portion of the channel greatly increases, if the electric 
length of the resonator is such that the condition 


(Bel — paz) — (Bil — gn) = (2g—1)n, g=1,2,3, ... (4) 


is satisfied (or almost satisfied) , in addition to condition (3) . 

Let us examine a case of practical importance, that of small damping. If the resonating 
section is assumed to be sufficiently short and not to contain any elements that introduce any 
losses in the principal or parasitic waves, then a4,L «1 and QL<«K1. Under these conditions 
expressions (1) and (2) simplify to 


; *The term "fundamental wave" is used throughout this article to describe the operating 
mode. 
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5 iat) { 


| | (ad for mee 
27? (4 — 1?) Ae sens 
SNE eae 1 oe, (5) 
1 
|R|= Te 


In the absence of losses in the parasitic mode (aL = 0), the fundamental wave does not 
pass at all through the resonating portion and is completely reflected. To reduce the direct 
losses and to decrease the SWR, which equals (1 + |R|) /(1 - |R|), it is necessary to have 
& oL> 2F* (1 -I 2), Another undesirable effect may be that the increase in the field intensity 
of the parasitic wave can produce a breakdown in the resonator. The maximum value of this 


intensity is baron in the case of maximum resonance (3) and (4) and of low losses; to reduce 


20" 


the overvoltage it is necessary to satisfy the condition a, L>2I(1 -T). 

Obviously, to eliminate these phenomena one can either develop transitions with minimum 
transformation coefficient, or, with the transition specified, introduce additional damping for 
the parasitic wave. 

Yu. M.Isayenko has demonstrated [3] that the only way to prevent a resonator from re- 
sponding to an application of short pulses to the inhomogeneities of the channel is to increase 
the value of aol. 


1. METHOD OF MEASURING THE PARAMETERS THAT CHARACTERIZE 
THE RESONANT PORTIONS OF THE CHANNEL 


In order to ascertain the extent to which a given channel is endangered by resonances at 
the parasitic wavelength, we must know the transformation coefficients T? of the transition 
pieces used in the channel, and the attenuation a_L of the parasitic wave. The calculation of 
these quantities for a real system that includes cones and other inhomogeneities is quite cum- 
bersome, and it is thus desirable to have a simple method of measuring small values of I’? 
and @L. In addition, it is necessary to be able to measure large values of QL, such as filters 
for the parasitic waves can introduce into the waveguide channel. 

The first of these problems is simplest to solve by "transmission" measurements. In this 
case, we determine the transmission coefficients ! D | through a portion of the waveguide chan- 
nel between two transitions at maximum resonance, and the change in resonator length 6 L 
necessary to make the power transmission coefficient equal to 


ia Di? 
Dip (7) 


We shall show that to determine I® and small attenuations OL it is sufficient to know 
|D| and 6L. Indeed, we can obtain from (1) (making use of the smallness of a,L) and from 
condition (7) 


5 (Bal — ez) = 20? + asl, (8) 
We note that B, and 2 depend only on the frequency, whereas the measurements involve only 


a change in the resonator length L, and, therefore, 6(BoL - a9) = BSL. From (5) and (8) 
we can readily obtain expressions for the conversion coefficient 


T? = + B,8L(1 —|D|) (9) 


and for the damping of the parasitic wave 


Oph = B,dL|D|. (10) 
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Knowing I and a,L we can calculate both the coefficient of reflection from the resonator, 
and the maximum intensity of the parasitic wave in resonance. me 
It must be stipulated that this method can be used only if two identical transitions are a 
available. Let us consider now what advantages this method has over the previously described © 
"reflection' method [4,5], where one measures the reflection fag eS system con- 
sisting of a transition and a multimode waveguide with reflecting piston. ae. 
ay The resonant transmission and reflection coefficients in circuits based on transmission 
and on reflection depend in different fashion on the electric length of the resonator, and the 
phase relationships between the fundamental and parasitic waves become essential here. 
In a circuit based on transmission, the resonance vanishes when the condition 


(8.2 — G2») — (8: — Gu) = 29m, G= 1, 2, 3,.-- 


is satisfied (missing resonance). The envelope of the resonances between two "missing" 
resonances is shown in Figure 2a. The form of the envelope is independent of the ratio 


faa Se Z 


pes elle 
\D| _Half beat of R| Half beat of 
10f wavelength 10 wavelength 
A 
as! 05 
| 
uw a ree b Z 


Figure 2. Envelopes of coefficients of transmission and coefficients of reflection in resonance: 


a — Measurement by transmission, 1 — experimental point; b — measurement by reflection 
A= G&L) > 1h Bb — anb/Eis iC — ahr s 1 


al/T% the magnitude of which changes only the maximum depth of the resonance. The 
"central" resonance, located between the missing resonances and representing the greatest 
interest, satisfies relation (4) and will be deepest in the case of measurement by transmission, 
so that its determination is made easiest. In the measurement by reflection, the situation is 
incomparably more complicated. The envelopes of the resonances are shown for this case 
in Figure 2b. Their form depends essentially on the value of a,L (I ? (see reference [4]). 
The central resonance can be determined only when ali the resonances are known, at least 
within one-half of the beat wavelength. 

b) It is seen from (9) and (10) that I* and aL are uniquely defined in terms of |D| 
and 6L, whereas, in the reflection measurements it is necessary to establish first which is 
greater, T?ora,L. Actually, in the latter case we have 


[2 


or} BOL (1 R), 
goL os 


and the plus sign pertains to the greater of the two quantities [? or QL, while the minus sign 
pertains to the smaller one. 

c) The width of the resonance curve is in our case greater than in the reflection method, 
owing to the appearance of an additional coupling element in the resonator, namely the second 
transition. In this connection, measurement of 6L for small values of I’? and a,L becomes 
simpler. 

d) Finally, an important advantage of the measurement by transmission, in its practical 
realization, is the lack of the long-line effect that occurs in the measurements of reflection 
from the resonator as a result of reflections from the exciter or from the attenuators, and 
also as a result of the finite directivity coefficient of the coupler. 

We note that a general shortcoming of these methods is the difficulty in measuring T® 
if[*> aL. It becomes necessary to introduce additional attenuation so as to bring these 
quantities closer to each other. 

To solve the second problem, i.e., to measure the considerable attenuation 
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introduced by a filter into a parasitic wave, it becomes necessary to use the most general for- 
mula (1) for the transmission coefficient. We shall assume that the resonance is maximal; 

in addition, the filter attenuates predominantly the parasitic wave, so that QoL > aL, and 
the formula becomes somewhat simpler: 


2 2re(1—T2)({—choeb) 
ESB a pg eeby Pp 2T2 1 pethyjaf ” 


(11) 


We first measure the transformation coefficient I’? of the transitions, using the procedure 
described above, and then the attenuation is introduced into the parasitic wave. By measuring 
the transmission coefficient |D|, we determine aL from the family of curves |D] =f@,LI%), 
(Figure 3), which is calculated with the aid of formula (11). 

Thus, even when the parasitic wave is appreciably attenuated, it is possible to determine 
the basic parameters of the resonator, so that both the SWR and the overvoltage in the wave- 
guide can be determined from the general formulas. 


2. STRONGLY COUPLED DIRECTIONAL COUPLER FOR THE SUPPRESSION 
OF RESONANCES AT THE Hy, MODE 


To introduce additional damping of the parasitic waves, elements that give rise to thermal 
or radiation losses are usually placed in those regions of the waveguide where the field inten- 
sity (E or H) of the fundamental wave is close to zero, and the corresponding intensities of the 
filtered parasitic wave are finite. It is thus impossible to suppress in this fashion waves with 
a field configuration similar to that of the fundamental wave, without noticeably attenuating the 
latter. The literature contains a theoretical analysis of two types of Ho, mode filters using 
a round waveguide so modified that the Ho, mode is in the rejection band and the Ho; mode in the 
transmission band. Symmetrical inhomogeneities, such as dielectric disks [6] , or else metal- 
lic diaphragms are introduced into the waveguide for this purpose. There is still no informa- 
tion, however, on any practical realization of filters for Hg, modes (n>2) . 

To suppress waves with a field structure similar to that of the fundamental wave, we use 
in the present investigation the principle of selection by phase velocities, i.e., we make use 
of the difference in phase velocity between the fundamental and parasitic waves. Filters based 
on this principle are made in the form of strongly coupled directional couplers, similar to 
Miller's well known diffraction converters [8] . Such a coupler, diverting the greater part of 
the energy of the parasitic wave from the main waveguide into an auxiliary waveguide, increases 
the value of a,L of the resonating wave, and consequently reduces the resonant effects .* We 
note than when a coupler is used as a filter for the suppression of resonance phenomena, the 
requirements imposed on the necessary coupling are less stringent than in the classical appli- 
cation of a directional coupler as a mode converter. In addition, the coupler need not have 
very high directivity. Coupling coefficients on the order of 0.5 — 1 db can at present be at- 


tained quite readily [9,10] . \idb 
-10 
Figure 3. Dependence of the transmission coefficient on the =P , 
ohmic losses of the parasitic wave. be 
Peet, 2 tea > 10-203 — Pee 10, -ai} 3 
Let us describe briefly the procedure used in the design Tye 7 100 @, Z,db 


of the coupler filter. To obtain maximum diversion of energy 
into the auxiliary waveguide, it is necessary to satisfy the 
following conditions [8] : 


eva oe Bp By (12) 


*This method of suppression of resonant phenomena was proposed by Yu. M. Isaenko and 
V.V. Meriakri in 1958. 
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where cy is the voltage coupling coefficient of the interacting wave through N apertures; A, and 
B', are the phase constants of the coupled waves. : 
In the determination of cy, we shall confine ourselves to an analysis of coupling between two" 
waves only, 8; and B» (one each in the main and auxiliary waveguides) , something that is always 5 
applicable if the selectivity of the coupler is sufficiently high. Let the coupled waves have dif- ; 
ferent phase constants f'; and B'y. Then the coefficient of excitation B, of the secondary wave — 
can be represented, in accordance with [11] , in the form ; 
\ [Eh2] ds { 


} 
where the integral is taken over the surface S of the coupling apertures; k = ony koe= 2t/er} | 
hy is the orthonormalized auxiliary function of the magnetic field of the wave JI,; E is the inten- 
sity of the electric field of wave Tl, at the apertures \ is the wavelength in free space; A,; is 

the cutoof wavelength of the waveguide. 

To obtain the amplitude By, it is necessary to know the distribution of E on the coupling 
element. Such a problem has been solved for a coupling between a round and rectangular wave- 
guide through a round hole of radius 9 < i, [12]. However, for example, for Hy, modes the 
most effective couplers are those having longitudinal slots, which yield a maximum coupling 
coefficient per unit length. A direct solution of such a problem involves great difficulties. In 
this case we can estimate the coupling coefficient by using the procedure of reference [12], taking 
into account the relation between a slot of length 7 and an equivalent round hole of radius p: 


4 
gious ME, (14) 


where M is the magnetic polarizability of the slot [13] . 


Figure 4. Block diagram of measuring apparatus. 


Having determined the amplitude By of the excited wave (13), we can readily determine an 
expression for the coupling cy for coupling through N identical slots, after first calculating the 
power of the Il, wave. For the case of coupling between HY and H&  waves* this calcu- 
lation leads to the equation 


Te Pon! 11° jet 
c mH 
4) Vo 2 Bon V abr? ¢ : (15) 


Here [oy is the n-th root of the equation J'(x) = 0; r is the radius of the round waveguide; a and 
b are the larger and smaller dimensions of the rectangular waveguide, respectively; T is the 
thickness of the slot wall; 8.7 is the phase constant of the Il, wave in the slot. Strictly speaking 
expressions (14) and (15) are valid only when p and 7 are much smaller than). At large 
values of p and/, the accuracy of the calculation decreases. However, in reference [9] the 
expression (14) was used to calculate the coupling between the HQ and HY modes through 
long slots (2 >»), and the agreement between the experimental and theoretical results was satis- 
factory. Coupling between resonant slots (J = n\/2, n= 1, 2, 3, ...), investigated in reference 
[10] , is important only for narrow band directional couplers for individual frequency channels, 


*The symbols © and ( denote a round and rectangular waveguide, respectively. 
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and is not considered here. 

The maximum transfer of energy from the wave II, to the wave II, as indicated in reference 
[12] , takes place when cy = 1/2, and complete transformation is attained in the case when the 
propagation constants of tiene waves are equal. The presence of coupling changes the phase 
constants, compared with the phase constants 8; and B, in uncoupled waveguides of like dimen- 
sions. The "perturbed" phase constants 8'; and 8', have the following form [8]: 


By elit +4, 
(16) 


C22 


on Ba sicaargit 


where c4; and Co. are the coefficients of coupling through one hole between two identical waves 

in identical coupled waveguides; d is the distance between neighboring holes. For the He 7 

~ Hy coupler, cy, corresponds to a coupling between the HQ. and HO modes, and co 

corresponds to a coupling between HQ and #2 
It is easy to obtain, in analogy with (15) , 


ee 
a 
«MB 
9 = a®UBi a (17) 


Conditions (12) and the derived relations (15), (16) and (17) enable us to select the dimensions 
and the number of coupling elements, and also the dimension of the auxiliary waveguide. 


3. EXPERIMENTAL RESULTS 


Using the procedure described in Section 2, we designed and constructed a model of an 
Hf. mode filter in a round waveguide of 25 mm diameter, intended for wavelengths on the order 
of 8mm. The coupling system consisted of a series of slots (up to 25) measuring 7 by 1.5 mm. 
The coupling coefficient through one slot [see expression (15)] between the Hi, and Hf) modes 
was approximately - 19 db. A total of 16 holes was sufficient to satisfy conditions (12); a 
larger number of coupling elements was taken for the purpose of investigating the dependence 
of cy on N. The filter was prepared galvanically, thus improving greatly the quality of the 
contact at the junction between the round and rectangular waveguides. 

Measurements of the suppression of resonance phenomena at the Hop mode with the aid 
of the filter were carried out in accordance with the scheme illustrated in Figure 4. 

Power was fed from microwave oscillator 1 through a decoupling attenuator 2 to the 
Hi, > H&transformer 3 with ring filter 4. The H& wave travels from the left into tran- 
sition 5 from the 12 diameter to the 25 mm diameter. In the transition, an Hj; mode is 
excited and is capable of resonating between transition 5 and the analogous transition 6. A 
movable joint 7 is connected between the two transitions, so that the length of the resonator 
can be changed; also connected between the transmissions is a ring filter 8, intended for suppres- 
sion of the asymmetrical waves, and the investigated H9 -mode filter 9. At the output of the 
resonator isa HS —H®§ converter with filter 10. The signal is fed from the detector pickup 
11 to the input of oscillograph 12. The frequency of generator 1 is sinusoidally modulated by an 
audio generator 13, so that the oscillation zone of the klystron canbe observed on the oscillo- 
scope screen and the resonant dip in the zone is seen in the case of resonance at the parasitic 
wavelength. By changing the length of the resonator with the aid of moving joint 7, we obtain 
a maximum dip. Comparing the signal passing through the system at resonance with the magni- 
tude of the zone in the absence of resonance, we determine the transmission coefficient at resonan 

Transitions 5 and 6 had I’? = 0.05. The losses introduced by the filter 9 in the //\z 

mode reached 10 db in the wavelength interval 8.0 — 8.3 mm, (Figure 5). The dependence of 
aL, on the number of open slots, some of which were covered with foil (Figure 6) , was deter- 
mined at an arbitrary frequency point. To equalize the phase velocities of the coupled waves, 
a tuning metal plate was inserted into the rectangular waveguide. In all cases, the losses 
introduced by the filter at the H& mode were less than 0.2 db. 
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Figure 5. Losses at Ho; wave in resonance 0 70 20 W 
to the Hy, wave; a — Case of low losses at | 
Hyg wave; b — case of large losses at Ho Figure 6. Dependence of the losses introduced 
wave. at the Hy, wave on the number of slots (1 — ex- 


perimental points). 


CONC LUSION 


1. An analysis of the undesirable effects due to resonance at parasitic wavelengths in 
multimode waveguides makes it possible to calculate the increases in the losses and in the SWR 
of the fundamental wave, and also the overvoltages that result in feeders carrying several 
propagating waves. On the basis of the relations obtained, it is possible to determine in each 
specific case the optimum method of eliminating resonance effects. 

2, Resonance phenomena can be experimentally investigated by the procedure proposed in 
this paper. A factor of great practical importance is the possibility of measuring the coef- 
ficients of wave excitation and the attenuation coefficients. 

3. It was impossible hitherto to filter out waves whose field structure is similar to that 
of the working wave (in particular the Hj, mode). The filtering method proposed, based on the 
use of strongly coupled directional couplers as filters, solve this problem to some extent. 

The simple procedure for approximate design of strongly coupled directional couplers, des- 
cribed in the paper, has been applied to the design of a filter for the H& mode ina waveguide 
with kr ~ 10. A directional coupler model, constructed with the use of galvanic technology, 
made it possible to produce filters whose insertion losses reach 10 db at the parasitic wave 
and do not exceed 0. 2 db at the working wavelength. 

4. On going to waveguides with larger diameters, where it becomes necessary to reduce the 
damping of the transmitted signal, the filter coupling coefficient is greatly reduced, in 
accordance with (18). To suppress resonance phenomena in lines having large kr, the filters 
therefore, must be placed near the critical section of the attenuated wave, i.e., in the region 
of minimum values of kr. If it is impossible to change over to a smaller diameter, it is ex- 
pedient to use filters having a series of azimuthal channels, similar to the couplers proposed 
in reference [12]. At a specified parasitic-wave attenuation, this makes it possible to reduce 
greatly the length of the filter compared with the single-channel value. There is no need to 
make the channels symmetrical in phase, since the diverted power can be absorbed separately in 
each auxiliary waveguide. 

The authors are very grateful to M. V. Persikov for valuable discussions and for interest in 
this investigation. 
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ELECTROMAGNETIC FIELD AND DISTRIBUTION OF 
CURRENT ALONG AN INFINITELY LONG INSULATED 


WIRE IN A CONDUCTING MEDIUM 


P.P. Pavlov 


We investigate the electromagnetic field and the current distribution along an infinitely 
long insulated wire in a conducting medium, with the excitation applied at a single point. It is 
demonstrated that the telegraphers equations can be used for an insulated wire situated in sea 
water and in moist earth, in the frequency range from 6 - 103 to 3 - 10’ eps. 


INTRODUCTION 


When the basic parameters, such as the input resistance, the effective length, and direc- 
tivity pattern are calculated, an antenna made in the form of an insulated wire of finite length 
is usually regarded as a segment of a lossy long line with open or short-circuited end or else 
loaded by a complex impedance of finite magnitude. Calculations for such lines are based on the 
use of the telegrapher's equations, but this approach to the problem calls for additional veri- 
fication. 


1. ELECTROMAGNETIC FIELD OF A C YLINDRICAL INSULATED WIRE SITUATED 
IN A CONDUCTING MEDIUM 


In the analysis of the electromagnetic field produced by the current in an infinitely long 
wire, it is necessary to take into consideration three media (Figure 1): 1) the wire, with 
electromagnetic properties characterized by €,, Wy, , and 0;, 2) a cylindrical cavity filled with 
insulating material, with parameters €9, U,, and dG, and 3) a conducting medium, with param- 
eters €3. U3, and 03. 

Assuming the time dependence of the field components and of the current to be in the form 


-iwt + ; 
e71Wt the solution of the Hak equation assumes the form £543, 0; 
fs \ A (1) Zy(r V2 — 7°) dy. (1) 2, hep, Oz b2;, 
Figure 1 


To simplify the problem, we shall assume that the specific electric conductivity of the wire 
is infinite. Under this assumption, the field inside the wire can be assumed equal to zero. As 
a result the problem of determining the field in three media reduces to a problem of finding the 
field in two media. 

In view of the fact that waves are reflected from the interface between the dielectric and the 
conducting medium in a cylindrical cavity we write the solution of the wave equation inside the 
cylindrical cavity in the form 

oo 
i \ [Ai (7) Jo (var) + Ae (7) No (ver)] ec” dy, (2) 


—oO 
where 
»=VR—?: k= a8 V ens 


e'k2 is the relative dielectric constant of the insulating material. For an absorbing 
medium we have 
-+co 
= | As (%) 8? (var) cay, (3) 


—oo 
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where 


v= VEO, ky = sot ae 


h 


€'k3 is the relative dielectric constant of the conducting medium. 
The components of the electromagnetic field are given by the following expressions: 
a) in the cylindrical cavity 


++oo 
= ae \ ve [Ai (7) Js (var) + Ae (1) Nu (ver) Jetrdy, (4) 
+00 BS 
E»= \ vs [Ai (7) Jo (ver) + Ae (y) No (v2r)] e'dy, (5) 
ms bi 
H gg = — IWExe \ ve [Ai (y) Ja (vor) + As (7) Ni (ver)] e*edy, (6) 


— oo 


b) in the absorbing medium 


+ 0o 


Et \ vsAs (7) H® (vsr) e'dy, (7) 
+00 i 
Exg= \ v$de (1) HS? (vsr) ear, (8) 
ares 
like = — Hie \ v3As (7) HY (var) e “dy. (9) 


—oo 


The unknown functions A;(y), A2(y) and A;(y) are determined from the boundary conditions 
which in our problem have the form 


Eo + Eext= 0 TOL MN a—aligs (10) 
Ey, = Ex | f R 
Hog = Hos J ee SE (11) 


where Egy is the intensity of the field of the extraneous forces acting on the wire surface. 
As in references [1 — 3], we assume the intensity of the extraneous-force field to be non- 
vanishing only is the section of the wire 0 <z<a. The emf of the external source is then 


8. = \ Bails. (12) 
0 


The intensity of the field E, ah due to the emf éo of the external source can be represented 


in the form of an integral 


CO 
Bexr= xe \ SO ebay. (13) 
Introducting the notation 
K (y= 222, (14) 


we get 
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Fext= \ K (y) eh dy. (15) 


Using the boundary conditions (10) amd (11), we obtain the following system of equations 


a ‘ GY, 
Jo (vare) Ax (y) + No (varo) Az (7) ae (16) 
Ju (v2R0) Ax (7) ++. No (02Ro) Aa (1) — 2 H® (va) Aa (7) = 0, (17) 
Js (v2Ro) Ar (7) + Ni (veo) As (7) — 3 HYP (vsRo) As (1) = 0. 3) 


Ero 


The coefficients A;(y), Ag(y), and A3(y) are respectively equal to 


D Dy ' 
Ai (1) =F, Ae) =F, Aa (yr) =. 


The determinant of the system of equations is 


ve 
D = 2 io (vsRo) [Jo (v2ro) Ni (v2Ro) — Ji (v2Ro) No (varo) | 
€).. 3 ) 
s - H} (vsRo) (Jo (varo) No (v2Ro) — Jo (velo) No (varo)]. (19) 


The determinants D,, Dy, and Ds, are, respectively, 


__ Ky) | % pw oKg 
Dee SAT [= ns (vaRo) Ni (v2Ro) — ne gale (vsRo) No (oR) | 4 (20) 
je K (7) | ks vs HY v5 (1) 
: <a |G op Ht (2sRo) Jo (v2Ro) — <> Hy” (vsko) Ji (v2Re) |, (21) 
2 a 2 
K 
Des —o [Jo (v2Ro) Ni (v2Ro) — J1 (veo) No (v2Ro)). (22) 


2. DERIVATION OF EQUATION FOR CURRENT IN THE WIRE 


In a cylindrical cavity filled with dielectric, the current Iz flowing in the wire is connected 
with the component H¢» of the field by the relation 


T, = 2n7rH ¢>. (23) 
This relation is valid when r <A. In our problem this inequality is satisfied, since the 
thickness of the cylindrical cavity, Ry - rp, is much smaller than the wavelength. 
-+0o 
' DyK (1), 
Teles = — IMEX, \ eee errzdy. (24) 
Substituting the value of K(y) from (14) into (24), we obtain oy 
: -+co 
lis 1WE, 6 D5 sin ae 
Hey 20 \ v2D ya eed. 


when the insulation layer is thin compared with the wavelength, we obtain by assuming r = Ry 


2é, 
Dea = Re op Hi (oaR). (26) 


TR oop 05 
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x 5 Substituting (26) in (25) and letting a > 0, we obtain 
ate es 
rule 2ARoaote Ss 
Slee HOSS HsAR+S 
oO et < Ce) = CS S aSNDQAO 
a aut SORoRSSsSss ae 
ee : SrOIDd HOTS WES %3_ py (1) 
chase SLSLAQBQne Hos = eR a Hy” (vsRo) e*@dy. (27) 
5 Sststst+sti+ pect 
mos 
Bt : 
A tate t me On the basis of (23) we have 
S ).| S8ese8ees2 I= 
OVA HBL SIS 
SSSSRSESSS 5 26 Vz 
ernoe) ee Sae {? (vsRo) en ay, 
SONS TS Son a (28) 
+ + 4+ + 4 —o0 
eat The functions v: = mee and » =VR_ 
cote + 
BSBZ8ss tg a8 are double-valued functions in the plane of the complex 
THis BSUS GAAS variable y. The branch points of these functions are 
eis SSSSSSRSay y=tk,, y=+ kg. 
= te sts AG ae The integrand, which is a complicated function of 
eect hae ai Bs the elementary functions v2 and v3 also has two branch 
A ll points. In addition to these singularities, the integrand 
oy ? 
S ae 
as Ce mega has a pole at D= 0, y= yp1. 
See BSBSBISrER Setting (19) equal to zero, we obtain 
© = Ht 
ee SSESLISE RS J (Varo) Ny (v2Ro) — Jy (vgRo) No (varo) 
Sessoecean Jo (varo) No (%2Fo) — Jo(2Fo) No (varo) 
ge ae qe ae a (1) 
kg Us Hy (vsHo) (29) 
cee &x, 3 HY (oR) 
exeSter +. In view of its complexity, Equation (29) cannot 
Bx, || se OSS LSA Sie be solved with respéct to the constant y without 
S a SLANSMIAALCAN A nN ege : Pe 
-j-|’ | SSSSSSRSLA some simplification. 
ne SSSSsssoeug Recognizing that when ry < Ry « 1 we have 
9 lo} | | ! | ‘ 
= : ae 4 1 T lvoro| <a lv2Ro | <1 and lvsro| < lvsRo| <K ae we Le— 
- ve place the cylindrical functions by first terms of their 
25 ecto ee series expansions. Discarding terms of higher order 
3 QUSeabse ta of smallness, we obtain 
Ooty SO ee 
ie ees ae 1,42 
+++ 44 (koexs — ¥°) iS eae fave 
0 0°%3 % 
7 ee == (hee = 1) In Eo . (30) 
6 is) L Sd lor) ler) be 
he Seo ey whee 
fC | 2285 | 
aS SSzE 8 Table 1 lists the values of the wave number k; and 
pe Sse 6S SoS a the separation constant yp; calculated for sea water, 
for moist earth, and for a earth. The separation 
constant yp; has been calculated for Ro/rq = 3 (Ro = 
> eer eee =6mm). Table 1 lists also the values of the wave 
5 2 = SSS 5 number ky, calculated for e€',= 3, o,=0. If we 
eae she Higa aol Y neglect the losses in the insulation of the wire (02 = 
= = 0) then the branch points y = +k will lie on the 


real axis. The branch points y = + kz lie near the 

pole for all media. As can be seen from Table 1, the distance between these points and the pole 
is much more pronounced than in the case of dry or moist earth. 

After determining the singular points of the integrand, we can employ the standard pro- 
cedure for obtaining an asymptotic expression for the integral (28) . 

If the integrand contains the factor elY2 and the coordinate z is positive, we choose the 
branches of the functions v2 and v3 corresponding to the roots y = ky and y = ks, and we also 
choose the root y = yp; for the equation D= 0. We shall henceforth omit the subscript y. 
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As a result, we arrive at the integration contour 
shown in Figure 2. The radius of the arcs CR is as- 
sumed to be quite large (R ~~) . We denote by L' 
the curve consisting of the double-edged cut, para ale 
lel to the positive B-axis, andthe small circle around 
ks; =. We analogously denote by Lp the curve con- 
sisting of a double-edge cut, parallel to the positive 
B-axis, andthe small circle around the point ky = y. 


On the basis of the residue theorem, the integral Dk 
f (28) has a value 
me vs HY f 3R ixz q Do Figure 2 
= \ ng OE 1 (UsRo) e Y = 2niR (2), (31) 
DptCptl tl 


where R(z) is the residue of the integrand at the point y = ypi. 
When R ~~ and z # 0, we have by Jordan's lemma that the integral along the arc CR tends 
to zero. 
Calculation of the integral along the cut L'p. We denote by IL the integral along the cut 
Lp: 
H (vsRo) e*%*dy 


cise ; 32) 
sti \ vsH)(vgRo) D1(1)—H@ (vsRo) Ds (7) 
R 
where 
D1 (y) = 1% oy (vare) Nx (vaRo) — J1 (v2Ro) No (var0)]; (33) 
randy ()=- = ae [Jo (vero) No (veRo) — Jo (veo) No (varo)]. (34) 
Making the substitution 
kg —y=s, dy = —ds, 
we obtain (Figure 3) 
| ip —iR 
waestr 
L -iR —ip e 
R (1) (2) 


As : ~ 0, the integral along the circle Co tends to zero. Along the first edge (see Figure 3) 
we have 


. 3m 
— te. - ; Fee oda 2 (2ks + it), dy = —e 2 dr. 
Along the second edge 
s= te — ists Va ee Get gis ee Sede 
We thus have 
R : 
a iets | Ay (e'* v32Rov) 
LR evan) (e*vg2Ro) D, (ks + it) —H™ (e! 99 Ro) Do (kg + it) 


H) (v52Ro) 
Using the formula 
HD) (e*2) = = eH? (2) 
and letting p - 0 and R-0 , we obtain 
iy, =— iol | Hou 
R 3 dag?) (v32Ro) Dy (kg + it) — He) (v99Fo) Dz (ky + ix) 
HY (vgsRo) (36) 
Ys2H() (ve2Ro) Dy (kg + it) — © (5a Ro)Ds (hs =| —2t qr 
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| 
Right edge] |Left edge 
ip(e Ks 
Figure 3. 


For small values of the radius Ro, in the frequency range from 6 - 10° to 3 - 10’ cps for 
sea water, moist earth and dry earth, we can replace the cylindrical functions by the first 
terms in their series expansions. An investigation of the integrand has shown that the upper 
limit of integration can be adequately confined to the number m, determined from the inequality 


| v2| Ro =|V— 


or 


i Ole + i) |Ro<1 


\V = ie Qh fF it)|=— for ad>1. 


Assuming that 
2 


ako 


ks = = Ve, = n-+tip, 


we can rewrite (38) in the form 


1 


ut = 4pce + 4 (n? + p?) Oe erie oo 


(37) 


(38) 


(39) 


(40) 


The upper limit of the integral, m, is the root of Equation (40). The quantity 7=mis 


measured in nepers/meter. 


, Moist Earth Dry, Earth 
Frequency (e ae Water (€3= 10, 65 =5-10-# ( &=4, 0 = 

BI 1 Pee Bi 

ss obm-ml ghia m) pe tntaae 
6-108 1635601 16.65725 1665127 
3-104 15.97217 16.59444 1663224 
3-105 14, 44514 16.42194 16.55784 
3-108 10.08883 15.89038 16.33314 
3-10? 4.29713 1413788 15.75743 


Table 2 


Table 2 lists the roots of Equation (40), calculated for sea water, moist earth, and dry earth 


with Rp = 6 mm and w= 10. 


After carrying out the transformations and discarding terms of higher order of smallness, 


we have 
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™ e **dt 


Fe (kg + it) ——— ft Qke-++ ix) In [| — ix Okey + ix) RV 
, 2 0 


ede 
in at 


fxg Ro 
2 ha A a eae 
oe (ks I op i2kst — tT?) Pea In = 


Curd 
— = 


0 — 4 (ke + it) — i (ke + it) In [ — ix (Zhe + it) R2]+ 


C12 


e **dt 


+ (ks —k 4 kt — 74) = 


(41) 


This integral can be calculated approximately through each medium separately. 

a) Sea Water. In the frequency range from 6 - 10° to 3 - 10’ cps, we can neglect in the 
denominator of the integrand of (41) the term — ir (2k3 + it) In [— it (2ks + it) RG]. 
As a result, we obtain 


m m 
setae edt Cane 
oy pate cone {{ at? + byt + Cy \ agt? + byt + ¢1 | eo 
0 0 
where 
x1 k3 Ro . 
ai U a = en i To. , (43) 
A -« "xg Ha \ 
bi = kg (= + 12 re n=) ; (44) 
ry ess eng Ri : 
az is 5. In ao (45) 
bn = he (— a le ach (46) 
ro 
a =(@=-) "in ce 
exe ro 
We have the function 
i a = n 
Reeeree Zs EU (48) 
Thus, we obtain 
eae > elke (QQ) _n —2t a (2) 20 \ 
Ip = i — eik ({ » A Une dx —\ DAP we eee (49) 
9 ™=0 0 n=0 
After calculating the coefficients of the series (49) , we have 
Gz m sateen be <a g m 
I =i . Ga =| te-*dr 4 ac — b5 — aye, + b? | ede + eae |e (50) 
R Sh af ot 0 
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_ Restricting the series to two terms and calculating the integrals in (50) , we get 


5 7 by — by / m 1 (G3 —a)) cy 0? — 02 
Gee = ie eiksz | z 2 ) —mz 1 2 
Lp 2 e ( z aay be € 33 x 
(me 2m 2 i= (a — ay) cy + 6? — B? 
x {4 | - —mz _| Lay al 2 
( ee tee Je aa 2 ae eae ee (51) 


b) Moist earth. In the frequency range from 6 - 10° to 3 - 10° cps, we can neglect the 
term it (2k3 + it) In [— it (2ks + it) RO] in the denominator of the integrand of (41) . 

Consequently, the integral 7 i, will be determined in this range by Equation (51) . In the 
frequency from 3 - 10° to 3 - 10’ cps, Equation 41) is best rewritten 


Iu, = — ize (I, + Ie); (52) 
where 
1 
Hees edt 
Kg ae Cy Tee bar CR a es . ae —> 
0H T (2kg + it) — iz (2hs + it) In [ — it (2kg+it) RB) +- 
16 Cm ohe 
& 
2 2 k3 R 
+ (2 —F + idkge — 1°) eg = 
pi 
e —Z2T 
= \ a ; : é at ne 
d+ ett (2k +.it) — i > (2k + it) In [— iv (2k + it) Re) + 
i ihe ; 
& ’ 
5) , ee a LX) 
++ (k3 — kB + i2kgv — 1”) oi In an (53) 
Me ra 
ae \ = . Cmts ix 
i >t (2ks + it) —i = (2k + iv) In [— iv (2k3 + iv) R2)+ 
2 Cm ee 
‘ Eng R 
+ (k= iG + i2kge — 74) In ae 
m 
\ eae 
Es Tv 2 
i —~5 T (2ks + it) —i > (2ks + it) In [—it (2ks + iv) -R2)+ 
ae edt 
: (54) 


+ (K2— KB 4 idkge — 12) = In a 
12 
Calculations have shown that in the evaluation of the integral we can neglect in the denominator 
of the integrand the term! 5 (2ks + it)- -In [— it (2hs + it) Ro). 
As a result the value of the integral % is 


babi 4 4 (a2 — a1) 1 + BF — B37 4 2 2 
Me oe 2 1(— + je 2 1) 1 1 a(— Hg re 


Zz Z 3 


ct cat 
be —d (a2 — ay) cy + 6? — 05 
dyeoaae Gree nies (55) 
C2 cz 


With increasing T, the modulus of the denominator of the integrand (55) increases. When 
Tt >1, the value of the modulus of the denominator of the integrand in (55) is large, whereas 
the modulus of the exponential function in the numerator of the integrand is quite small when 


V4, Ae 


1155 


Consequently, when z >1 the integral 71 yields the principal part of the solution, where- 
as the integral 72 is only a correction. Obviously, we can neglect the integral 2 in the 
calculations when z>1. The integral 2 becomes significant only when z < 1. 

The integral 2: must be calculated numerically. However, taking into account the 
monotonic character of the variation of the logarithmic function as T increases from 1 to m, 
we can approximately set T = 1 under the logarithm sign in the calculation of the integral 2 


1.6%, 


ue —Zt 
ge \ - - Cmaae, an 
i 5 t (2hs + it) — i > (ks + iv) In [(— i2k3 +1) R?] 4+- 
Le e**dt 
g R 
ee i tes La ks paeO! 
+ (k2 — #2 + i2kst — v?) = ne. 
™m 
¢ e dt 
fae \ = 7 — 
| yt (ks + it) — iz (2ks + ix) In [(— iky+ 1) R2y+ 
Cn ay 
be ee (56) 
Tani OU aes Oe ee Or 
+ (ky — ke + i2kgt — 1?) ny In 5 
As a result we obtain 
im —ZT: m| 
Yous \ Shy \ Gh 
; a3T? ++ bst 4 C2 A a4v* + bat + Cy M (57) 


where 
c 1 
iF + sin ((— i2hs + 4) R3] — — 1n 2, 
ke 


To’ 


az 


bs = mks — ike In [(— i2ke + 1) R3] + idks—® In % 
ke To 


ge ey Te tke tl) eee 


’ 
Eno ry 


by = —mka — ike In [(— i2ky +4) R3] + i2ks— © in 2, 
ko 


To 


€). if 
ca = (k2 — 12) 2 tn Be 
Eno To 


In analogy with the preceding, the expression (57) is written as follows 


m 
bp ac, — b? — 2 
ly a ae aC 4 — a3Ce + 6; 
2s arene ae Ga ; 4 \ Cedi: ave (58) 


Z c 
1 
2 1 


We terminate the series with the second term and evaluate the integral and get 


t= Bah fem (4H) (Ls Ly 


2 e 
a4Cg — b? — 302 + b? 
= ue Shieh rater S)-e(44 344 
C5 z z 28 Zz ee Zo) (59) 
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_— 


The distance z in (55) and (59) is in meters. 

c) _Dry Earth. In the frequency range up to 3 -10° cps inclusive, the integral (41) has 
the same form as (52) . The integral 1 can be calculated approximately from (55) , while 
J2 is approximately given by (59) . 


At frequencies higher than 3 . 10° cps, the integral %1 must be evaluated numerically. 


Calculation of the integral along the cut L" R- The integral over the cut Lp is written in 
the form 


HY (v3 Ro) edy 
ff a RR ON Ea 7 
R ig vg [Fo (P27 0) Ny (v2Ro) _— Fx (Ro) Ny (Vero) ] 3H) (vsRo) — 
R 


H) (vsRo) e' dy 


> 


E,. ; 
— 0} [Fo (vero) No (v2Ro) — %o (v2Ro) No (var) Fe H() (v3Ro) (60) 


Making the substitution 


ke—vy=0o0, dy =—do, 
we obtain 


Bie i{ HY) (v3Ro) 
= — jetkiz \ ee Se ee ees ee a es ee ee A 
\ Mat [Fo (verr0) Ni (v1 Fo) — #1 (v21 Fo) No (va170)] vg!) (v3Ro) — 


veh (1) (u3R, 0) 
—_ 


H®) (vgRo) 


€ 
— U, [Fo (va170) No (v21 Ro) — ¥o(%21Ro) No (va1r0)] = 


H (v3Ro) 2 
va2 [0 (vaar0) Ns (Y22Fo) — F1 (Y22Fo) No (P22r0)] rs (vgRo) — 
(a 
ee OO — e-" du, 


(61) 
— 035 [Fo (vaar0) No (v2zFo) — Ho (v22o) No (Y22r0)] | <u (vsRo) 


é 
where 


=VR — (ke + iu)*; va = VA > (ke + iu); 


v2 = ) we 2 (2k + iu). 


Ip (2'"z) = CPZ (2), 


Na (ez) "es “2, (Zz) 2. Cos pm Sn (2) 
and letting p - 0 and R~®, we obtain 


Using the formula 


foe} 


: HY (vsRo) 
Yn =z — igihst \ SS 
LR a \a [Fo (v22ro) Ni (v22 Ro) — H1 (V22Fo) No (Ve2r0)] vs Hy’ (veo) — 


H®) (vgRo) 


=> 


— 03, [Fo (Yaaro) No (22Fo) — Fo (v22Fo) No (ond 


aly (vsRo) 


H (v3Ro) 
ua —> 
a2 [%o (Yaaro) Ni (v22Fo) — ¥1 (v22Ro) No (v22r0)] vs) (vsFo) — 


H® (v3Ro) = 
aes SS SS a ee uzdy = (). 


— Vo [Ho (Yaaro) No (v22fo) — Ho (Y22Fo) No (e2270)] | ~ HY { (vsRo) (62) 


1157 


Determination of the residue of the integrand. We set 


9 (Y) = alt 1” (vsRo) e*. (63) 
2 


The residue of the integrand at the pointy=Yp is 


(64) 


Y=Yp1 


dD 
Let us determine “dy | y=y,, ° In the expression (19) we replace the cylindrical functions by the 


first terms of their series expansions. As a result we obtain 
ve ’ 


ve mu vghy TM veh 2 EI 9 V2Po 
erg v3 8 2) 4 2 et 2 1,12 6 
LE Df RT SOS Rohe , , 5 
Exo Va 2 = ae I i v2Ry i po In Valo i eo) 


Discarding the higher-order terms v2Ro/ - 2/7 In 1.12/ vorg and v3Ry/2, we have 


ee ee 442. . 0° R 
p= nS aak2 ( , ' ) Ro 
: TAR, &p.o02 v2 fxg In v3R, | a +In ina Io (66) 


Differentiating (66) and recognizing that 


et 5 ee ae ke. — 1 R 
1 = ; ; o, 
nh, “ts eta ae In = (67) 
we obtain 
se aD ayy Sud (ay Sooo ake 
2 | yap, T?Rovs K ve Exo i ca ) Y=Yp1 (68) 
Substituting (68) in (64) and dropping the index of Yp1, we obtain 
: m?RyvsH™ (vgR,) e&* 
EOS nea ae ic) 
Ay a 2 Jang) 
v2 fn To 
Assuming 
met tz 
R(z) = 2 oe 5 (70) 
2(— gy 2 Fis | Ry 1 
ve Ex To e 
we get 
(1) re, pa Al 
LEBEN ENE fe 
Thus, the integral (31) has a value 
¥ AD eee imtet¥2 
( gies tas. R, oe Ue (71) 
vi Ve 7B Sky In ae +1 
Substituting (71) in (28) we obtain the following expression for the current in the wire 
208.06 
L=—i—® (p+ 5,1), (72) 
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where 


(73) 


Dame, 
3 2 "Kg Tee 
+( i taiecine Bs 4) 


3. INVESTIGATION OF THE EQUATION FOR THE CURRENT IN AN INSULATED WIRE 


The contour integral of expression (28) for the current in an insulated wire contains a pole 
and two branch points y= + ky and y= + kg. 

The part of the solution corresponding to the pole is a current wave, whose propagation along 
the wire is characterized by a phase factor e!¥2. The amplitude of this wave decreases expon- 
entially as e-P%. This indicates that a surface electromagnetic wave propagates along the 
insulated wire located in the conducting medium. This wave is sometimes called the cable 
wave. 

As is well known, the telegrapher's equations pertain to the propagation of the cable wave 
along the line. Thefirstterm J, of expression (72) corresponding to the residue, satisfies 
the telegraphy equations. 

Part of the solution /,,,, corresponding to the singular point y= +k; in the contour integral 
is a space wave. The amplitude of this wave decreases with z in a rather complicated fashion. 
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10 Sa io 
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is S A=105m 
wl | a ie - | 
10 AEN ; 
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=] 
10 =mNSe 
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o i ES See 
10 = ei 
ge seth M 4 
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x La=10m 
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70 


Figure 4. 


In order to establish which of the current waves predominates in an insulating wire 
situated in a conducting medium, we have investigated the modulus of the ratio|/ ui |/Je| at 
short, medium, and long wavelengths for sea water, moist earth, and dry earth. The results 
of the calculation are shown in Figure 4. (olid curves — sea water, dashes — moist earth; 
dash-dots — dry earth) . 


1s) 


A=70m 


Figure 7 


It follows from the figures that when the insulated wire is placed in sea water or in moist or 
dry air, the value of |7,"/4n|decreases with increasing frequency for a fixed distance from the 
point where the voltage ig applied. [I,-/ Fh >A 

For an insulated wire situated in sea water and in moist air, we have L,©P at fre- 
quencies from 6 + 10 to 3 - 10’ cps only at very small distances from the voltage source 
(2 <1). ‘onsequently, with exception of a small initial portion of the wire, the cable wave 
predominates over the space wave. On this basis we can conclude that the telegrapher's equations 
are applicable to the theory of an insulated wire situated in sea water and in moist earth. 
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For an insulated wire located in dry earth, the inequality! J ae In| <1 sets in at frequencies 
below 3 - 10’ at a relatively short distance from the point of application of the voltage. The 
lower the frequency, the greater this distance. 

The distribution of the current amplitude along an insulated wire in dry earth, shown in 
Figure5, differ from the exponential curves. 

_ Normalized plots of the absolute values of the functions ! —|4;" |, 2—|e™*|,3 —| 9 (2) | 
(Figures 6 and 7) , of the expression (52) for the current oie for an insulated wire situated 
in dry earth, show that in the initial portion of the wire the current It,p is characterized 
essentially by a rapidly varying function (z) in the frequency range 3 10? — 3+ 10" eps. 

Sirens author is indebted to L.A. Vaynshteyn for valuable advice and a discussion of the 
results. 
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TRANSIENT CHARACTERISTICS OF COAXIAL SYSTEM 
WITH PERIODIC STRUCTURE 


S. I. Viglin 


The telegrapher's equations are set up for the equivalent circuit of a magnetodielectric 
line, the form of the transfer characteristic is evaluated, and the duration of the signal buildup 
at any point of the line is determined. 


INTRODUCTION 


Many constructions of coaxial systems with periodic structure, suitable for shaping and 
delaying short video pulses, have been proposed recently [1, 2,3]. Unlike the homogeneous 
coaxial line, these constructions have a greater running inductance for the same radial dimen- 
sions. Figures 1 and 2 show two modifications of such systems. 

In the helical line (Figure 1), the increase in the running inductance is attained by replac- 
ing the straight central conductor by a solenoid. In some constructions of this type, the 
outer cylinder is made in the form of a solenoid. 

In a magnetodielectric line (Figure 2), the running inductance is increased by filling 
the space between the round central conductor 5 and the external metallic cylinder 6 with a set 
of metallic washers 2, made of a material having a high permeability. These wahsers are 
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insulated from each other by dielectric liners 3, and are insulated from. the internal rod 5 

and from the external cylinder 6 by dielectric bushings 1 and 4. A detailed investigation of the 
propagation of electromagnetic waves in a magnetodielectric line and of its properties as a 
shaping and delay device is given in reference [4] . 
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Figure 1. Helical line. Figure 2. Magnetodielectric line. 


Owing to the increase in the running inductance in the periodic coaxial systems, the speed 
of the propagation of the electromagnetic waves v is decreased and the wave resistance p is 
increased, an important factor in the design of shaping and delay devices [5,6] . 

References [2,4] give approximate equations for the running parameters of these systems. 
In the design, however, it is also necessary to estimate the distortion of the pulses, and in par- 
ticular to determine the duration of the front of the load pulses. This problem is solved in the 
present article. 

An investigation of the distortions of the transmitted signals is complicated by the fact that 
the coaxial systems under consideration are characterized by strong dispersion, this being 
due principally to the presence of a longitudinal capacitance C;, and to the presence of 
active losses. 

In a magnetodielectric line the longitudinal capacitance is brought about by the longi- 
tudinal electric field between the neighboring metallic washers 2, and in a helical line the 
cause is the field between neighboring turns of the solenoid. Since this capacitance couples 
the different line elements, an electric field is produced simultaneously in several neigh- 
boring line elements by the wave propagating through the line, and this distorts the front of 
the wave and consequently the form of the transmitted signal. The dispersion is caused by the 
fact that the capacitive reactance 1/27 Ct (fis the frequency of the transmitted signal) is a 
function of the frequency. 

The effect of active losses on the change in the phase velocity is appreciable only at very 
high frequencies (above 100 Mc in the case of a magnetodielectric line [4]) . In the video 
range we can, therefore, confine ourselves to an investigation of the dependence of the dis- 
tortion on the longitudinal capacitance C; only. 


1. DIFFERENTIAL EQUATIONS 


An approximate equivalent circuit of a magnetodielectric line [4] is shown in Figure 
3. Here L, C. and Ct are respectively the running inductance, capacitance, and longitudinal 
capacitance of the line; Ax is the period of the structure (length of the line element along the 
wave propagation axis, x), u and i are the instantaneous values of the voltage and current 
in the line. 

The complete equivalent circuit should also include the inductance Lg due to the magnetic 
field in the dielectric. This inductance is connected in series with the resonant circuit (LAx, 
CtAx). Inasmuch as an account of Lg would increase the order of the differential equations 
and would make the solution more complicated, we disregard it in the present paper. This 
neglect is justified, since Ly <L, because the permeability of the metallic washers is fil) => tbe 

The equivalent circuit of the helical line is of similar form. We note that many problems 
in the theory of transients in transformer windings can be reduced to an investigation of a 
similar circuit [7]. 

Kirchhoff's equations for the circuit shown in Figure 3 have the form 

dt : f Ou 
Au =LAc=, NG = tig = CAz=. 
Since the period of the structure Ax is always a sufficiently small quantity (Ax <A, where A 
is the wavelength), we can put 


No gu. Ag IN == Oh A 
‘ Ox ’ U a x. 
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C, 42 C,4z 


Figure 3. Equivalence diagram of a magnetodielectric line 


Ou diy, 
Tania iL On (2) 
i Ou 
ate pedi (3) 
The current iz, is given by 3 
ip=i—ig, =i—C,Acoi™ =i—C,Az® — 
Substituting this expression in (2), we get 
Ou I di 1 Ou (4) 
se oe fie GOLD © 
where am 
mir BV Ley — 


is the resonant frequency of the circuit (LAx, Ct Ax). 

Equations (3) and (4) are the telegrapher's equations for the circuits shown in Figure 3, 
with longitudinal capacitance. As Cy > 0(jm— ©), Equation (4) assumes the well-known form 
for a uniform lossless line. 

Let us take the Laplace transform of the system (3) - (4) 


i(p) =p \ f () erat. 


0 — 
We then obtain the following system of equations for the transform f (p): 


oitp) = pCu(p), (8) 
du (p) 3 p> _ Au (p) 7 
Se ee oe (7) 


# = 
Differentiating both halves of (7) with respect to x and substituting @i(p) /dx into (6) we get 


eu 5 = 
= (Dp), (8) 
where 
pe ee 
Vd 
Oa 
We introduce a new variable 
eink (9) 
q ae esa ean? 
lim 
corresponding to the dimensionless time 
t=O ir! (10). 


Then 
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2. TRANSIENT CHARACTERISTIC 
We examine the solution of (8) for an infinitely long line, along which a traveling wave 
propagates. Then 
u (x, g) = Ae“, 
When x = 0 we have u(0,q) = A. In order to find the transient characteristic h(x,t) , we assum 
that the input signal is a step function 


u (0, t) = 1 (1). 


Then 
A=1 


This means that the transform of the transient characteristic is 


K (x, q) _ cme ae 


Putting 
Cs =O) VLG a5, (11) 
lim 
we obtain 
oe 
K(a,g) =e YH", (12) 
In order to find the inverse transform of (12), we apply the Efros transformation [8]. 
F {s(gl=s(q) \ w(x 8) (@, &) a (13) 
0 
where 
g (a, §) =F (a, 8); p (t, 6) GAG), (14) 
The symbol = denotes correspondence between the original and the transform 
We set 
4 2 
s=s(q) =-tF. 
Then 


K (a, s) = e Va, 
Assuming that 


a 


F (a, s) = VsK (a, 3) = Vise Ve 5 (15) 
we obtain on the basis of the Efros formula (13) 


co 


VsK(a, jys\ yr, E) @ (a, §) dé 


or 


K(G\s) Nene a 
aes ie (, 8) 9 (a, 8) dB. 
Let us integrate the resultant expression with respect to the parameter a. This can be done 
on the basis of the well-known theorems of operational calculus [8]: 


a = a co 


| das | | (x, 8) @ (, 8) dda. 


0 0 
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Interchanging the order of integration in the right side, and recognizing that only the 
function y(@,é) depends on a, we obtain 


Cc 


Are \ p(t, &) qr (a, €) dé, (16) 


0 


where 


o (a, 8) = | 9 @, da. 


From formula (16) we readily obtain 
\ (t 8) 1 (a, 8) ab, (17) 
0 


The functions ®(t, é) and y (a, &) are the originals of the transforms defined by relations 
(14) and (15) : 


e Ve =h(a, t) =1— 


e(1+4) -3 


ap (t, 8) Henke) =e aptome 
pla, )= Fase se. Ve. 


Using the handbook [8], we get 


=e) ele 
Otek) Ge € 2 T+ T QED? 
:=0 


x? 


e ® Jo (2 Var) de. 


2x é 


8 
iS 
I 
oe 78 
8 
| 


Then 


If we introduce the variable y = ax, we get 


co y 
4 f es ~ gas, = 
= = aE iy (O dy. 
PLC 2) mei ye \ Ve 1 (2V'y) dy 
In the calculation of the transfer characteristic h (@,7t), it is convenient to introduce a new 
variable z= Vé , and also the transformed functions 


Picea (—1)* (x2)? 
Y (tz) = — ep (t, 2) +1=— >) HE par eEEy ”’ (18) 
k=1 
C. -ge 
Dear Ge AS anya | Moe eae. as) 


0 


In this case formula (17) assumes the following form, if we recall that dé = 2zdz: 


h(a, =1— ve (1 — WY (tz)] a® (az) dz 


0 


or 
h(a, t) =1—a \ eM (az) dz + 4 \ e-? ¥ (tz) D (az) dz. (20) 
0 0 


Inasmuch as we have from (18) that (t,z) = 0 when t = 0, the first two terms of (20) yield 
the initial distribution. Putting 
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[oe] 


h (a, 0) =1—a\ #0 (az) (ili, (21) 
we obtain 
h(a, t) = h(a, 0) +4 \ e-? (tz) D (az) dz. (22) 


0 


This is the final formula and enables us to calculate the transfer characteristic for all 
values of a and t. 

The functions W(7 z) and ®(az) are calculated from formulas (18) and (19) . The con- 
venience afforded by introducing the transformed functions lies in the fact that each depends 
on one variable, tz or az. Parts of these functions are shown in Figure 4. 

To facilitate the calculations, we can 


Birz) Paz) represent the function in series form (see 
10 appendix) 
oc > m 
(1"™(a2) 
@ (az) = ¥ _— 
or (mayer (“F~) (23) 


The quantity h(a, 0) can be determined 
from (21) lettingq > ~. 


h (a, 0) = e=*. (24) 


To find h(a,t) as tT > ~, we put q = 0 in (12). 
Then 


h (a, 00) == (25) 


We used these formulas to calculate 
the transfer characteristic h(a,t) for values 


: : of the parameter a = 1,2,3, and 5 (Figure 5). 
Figure 4. Plots of the transformed functions. The curves plotted enabled us to calculate the 
active duration of the front tf. It was calculated between the levels h, (a) and h,(@), defined 
by the relations 


hy (4) =h(a, 0) +0.4 [1 —h(a, O)], Bs 
Ay (a) =1—0.1[1 —h(a, 0)]. ( 
For sufficiently large a we have h(a,0) ~ 0; this means that tf corresponds to the time 


interval during which the transfer characteristic rises from h,(@) = 0.1 to hy(a) = 0.9. The funct 
Tr(a) is plotted in Figure 6. 


Formula (24) shows that at the initial 
instant t = 0 a voltage drop is produced at any 


vf 
ni) 
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Dependence of active duration of 
front on the parameter a. 


Figure 5. Transfer characteristic: 1-a@=1: Figure 6. 
2-Q@=2;3-a=3, 4-a=5 
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point of the line, corresponding to an instantaneous transmission of the signal. Naturally, 
this result disagrees with the actual picture of the propagation of an electromagnetic wave along 
a line. It is brought about by the neglect of the inductance Lg in the equivalent circuit. None- 
theless, the approximate solution enables us to find a correct value of the propagation speed, 
by measuring the delay time at a level close to 0.5 (this is precisely the level customarily 
employed in practice). 

An analysis of the curves of Figure 5 shows that when a > 2 the curves h(a,t) intersect 
approximately at the point (t/a = 1.04; h(a,1) = 0.4). This means that if we measure the 
time of delay up to the instant when h(a,t) reaches a value 0.4, we get 


Tao am 1.04a—~a. (27) 


Thus, an account of the effect of the capacitance C;, which leads to the initial jump 
h(a, 0) at any point of the line, hardly influences the delay time +g. Taking (10) and (11) into 
account, we obtain the real delay time 


tg= VLC, (28) 
where xq is the length of the delay line. The rate of propagation of the pulse is 


1 
v= Vie’ (29) 
As shown in [4 iF this velocity corresponds to the phase velocity of propagation of oscillation 
with frequency f — 0. 

The front duration Tf depends on the parameter qa Figure 6. With increasing x and 
hence a, the front becomes more gently sloping as the wave propagates. However, as a — 
—+ o the duration of the front tends to a certain limiting value. In the calculations we can 
assume 


or 
5 5 0,8 
t =e (30) 
i lim aU Cie 
APPENDIX 
é 
Inasmuch as 
=, ee ( Aye ee 
OVO Dre m ED 
we obtain ' a Ue es (—1ymymt 
ay rer Ras. y™ 
O Mae) eax | ¢ Arwpiresy™ 


Since the series for the Bessel function is absolutely convergent, we can interchange the order 
of summation and integration. Then 


co 2 
" Sara, 
(—1)™ \ yr e 40224 dy. 


seenitt 62s 
(0, 2) = Saye 2 ret Dr eee) 


0 
We introduce the variable 


y2 
PSTD ERY © 


for which 


ydy epee & 
dx = 57353 » Fem Vesta 
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Substituting the values of y and dy, we rewrite the expression for (az) as follows ‘ 


2 2 (—1)™Qaz)™ aes } 
O(a) = 72 I Pint mF) ee | 


= 0 


As is well known [9] 
com 
iw (F+1)= \ 2? e—*dr, 
0 


Consequently 2 2 1)" 202)" im +2. 
PA) are » Donte) ae 
m=0 


Using the fundamental property of the I-function [9] 


Valin 22) =omtip(@F*)p(B@E* 4 x) 
we obtain 


@(a2)= >| ee 
m=0 T (m+ 1) P( Zz) ; 
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STATIC CHARACTERISTICS OF A PLANE MAGNETRON 


A.B. Lazarev and G.F. Filimonov 


The static characteristics of a plane magnetron are described in rigorous form. An 
expression is derived for the distribution of the electron density in the space-charge cloud. 
The values of the temperature of the electron gas, of the tangential current, and of the anode 
current of the magnetron are determined for H> Her. The theoretical results are in good 
agreement with the experimental data. 


INTRODUCTION 


Many theoretical papers have been published by now on the static characteristics of the 
magnetron. They differ in the approach to the problem, and can be divided into three groups. 

In the first group of papers (see, for example [1,2]) , the main simplifying assumption 
is that the electron velocities on the cathode surface are equal. In these papers, analytic 
expressions for the distribution of the electron-space-charge density and for the electron 
velocities are derived, and the critical magnetic field of the magnetron Her is correctly cal- 
culated. The main shortcoming of references [1,2] is the assumed single-velocity mode on 
the cathode surface, which clearly does not agree with reality and does not enable us to 
explain many essential factors in the static characteristics of the magnetron (for example, the 
existence of a residual anode current flowing through the magnetron when H > Her. 

The second group of papers is connected with the solution obtained by Brillouin (see [3]) 
according to which there can be adjacent to the cathode of the magnetron an electron cloud 
of constant density, in which the electrons describe circular trajectories (concentric with the 
cathode) , then an electron emitted from the cathode with arbitrary velocity and moving in 
static fields will return to the cathode after a definite time, or will settle on the anode. It 
is thus inexplicable how rotating electrons concentric with the cathode can be produced ina 
magnetron with hot cathode and form a Brillouin cloud. Furthermore, calculations made for 
several real magnetrons have shown that the radius of the boundary of the Brillouin cloud is 
much less than the radius of the cathode in these magnetrons, and no Brillouin conditions can be 
established at all in these magnetrons. 

In the third group of papers (see [4,5]) the solution of our problem is sought by methods of 
Maxwellian statistics. In [4], the distribution of the electrons is described by the Boltzmann therm 
dynamic equilibrium formula, using the free-energy potential (see Section 18. 2 of reference (6]) , 
and reference [5] even makes use of diffusion theory. 

As is well known, the mean free path of the electrons in a magnetron is much greater than 
the magnetron dimensions. Therefore, electron collisions cannot play any noticeable role in 
either the formation of the electron cloud (static mode) or in the conversion of their energy into 
the energy of the high-frequency field @ynamic mode), and the attempt in [4,5] to describe 
the operation of the magnetron is patently not justified. Experiment actually confirms that 
the main parameters of the magnetron efficiency or output power) are independent of the degree 


of vacuum in the device, starting with vacuum on the order of 10-* — 10°’ mm Hg. 
The agreement between theory and experiment, obtained in [4,5], is made possible only 


by free manipulation of arbitrary parameters, such as the volume temperature of the electrons 
in [4] or the volume temperature of the electrons and the diffusion coefficient in [5]. 

In the present paper we attempt a new approach to the solution of the problem of the static 
mode of the magnetron. We assume here that the cathode of the magnetron emits electrons 
with a certain velocity distribution function Fe(vy) , which is identified with the distribution 
function of the thermionic electrons on the surface of the cathode, and which is assumed to 
be 


an 5 (or) 1 
Se Nokes) la () 


where Vip = Vv 2kT,/m, T, is the cathode temperature, k is Boltzmann's constant, m the 
electron mass, and ny the density of the emitted electrons on the cathode surface. The motion 
of the electrons in the interaction space is determined by the focusing fields, compared with 
which the space-charge field is assumed to be small. 

These assumptions enable us to calculate the macroscopic characteristics of the electron 
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cloud in the magnetron: _the particle volume density N = N&), 
the particle current j = j(x), and the temperature T = T(x) (see 
Figure 1) . 

The results obtained were checked on an experimental 
cylindrical magnetron with a wide cathode and smooth anode 
block (rg = 1.6 mm, rg = 2.4 mm), in which the focusing electric 


field deviated by about 25%. 


1, FUNDAMENTAL RELATIONS 


An investigation of the static mode of a magnetron should result 


Figure 1. Schematic repre- in the evaluation of integrals of the type 
sentation of plane magnetron: Y hedttpeg tl ted ee ee eee 
1 — Cathode; 2 — Anode. Tin = \o3F (@) dv = Veo) ean Py) (22 (2) 


Cp 
which determine N(x) (n = 0); j(x) M=1); T°? (m=2). For 
this purpose it is necessary to deduce from the equation of motion 


ay Di wet| engin aeeee 
dm Ho + ¢c E % i,}\ ; (3) 


the explicit relationship Vy = VV. To) and the region of integration CT. In Equation (3) , Ey and Hy 
are the focusing fields, r_ is the radius vector of the electron emitted from the cathode with 
initial velocity vy) , V =dr/dt, e and m are the charge and mass of the electron, and c is 
the velocity of light. The motion of the electron is assumed plane. 

The solution (3) is expediently presented in the form 


> > > 9 
ieee ee 
On 


p = (vo + Yyo) Sin Oy t + [vo + Tyo, z0] (1 — cos wyt), (4) 
eH, B.. Te MS Es C 
where 7 = —"; 1=7~¢ %, yo, 20, are unit vectors. It follows from (4) that the greatest 


distance that an electron with initial velocity vy) moves away from the cathode is 


j ar = On j : 
Px extr On extr Toyh [% + YYo! + Voy + ¥. (5) 


According to (1) , Fc(vp) has a maximum when vy = 0. If we want electrons with vy = 0 to 
fall into the interaction space (x>0) of the magnetron and to be able to interact with a high 
frequency, we must stipulate that 


(Oe 
Gp (6) 


We shall assume below that this condition is satisfied. From (4) we obtain also the followi 
expressions for v, and Vy: 


a (7) 


Vy = Vy (Lor Px) = Voy — Pry 


where +| vx | corresponds to electrons moving away from the cathode (‘taking off") while 
- | vy | corresponds to electrons falling on the cathode. Formulas (7) enable us to find the 
expression for the Jacobian of the transition 


A (vx, v,,) 


| 0 (v 


Pox 


= ex] : (8) 


ox? Yoy) 
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The quantity Py in (7) and (8) is the coordinate of the point of observation and is as- 
sumed fixed. 


: ae eer ake (2) are functions of x. Contributing to their values are those electrons, 
or whic 


SS . 
ce) = Textr Zr, X = “Lextr = x (9) 


and which pass through the point x during takeoff or return to the cathode, respectively. 
Expanding the first inequality in (9), we can show that it is equivalent to 


= | Px | ot = 
0<%<Ily|=— ieee sz \GE(on<z, 
0<| ealear eae zs Vee — [Pa | 
NY 2 SG, SS GE (Ow) < aresin —*—_*_tx 
2% (10) 
[P| it 
0< 5 —|1*¥|<am<0o, Ry Cee ee 


v 
e(z) = +1; zS>0. Y 
The second inequality in (9) yields the region of integration for electrons falling on the cathode. 
It is found to be equal to G(x) - G(xg), where G(x) is the region of variation of vo defined in (10) . 
We can now rewrite the integrals in (2) as 


1+ e(v,) 4+ e(v,) Ores 
lin =| + + ( aa Vo) —— = Vel AO. 
ae 2 Boece a jc (Yo [Px | 0409 dP (11) 
If ia is independent of the sign of a, (11) assumes a more compact form: 
I \ n Pox 
ie vj Fo (Uo) > T M0 dvy dq. (12) 
2G(x)—G(xQ) | x | 


2. ELECTRON DENSITY DISTRIBUTION 


Putting n = 0 in (12), integrating with respect to ~ and integrating the resultant expression 
by parts, we obtain the following expression for N(x): 
2|7| +2 (+7) 
24p_ + vp (wT) 


N (2) = Ij, (2) = oe \ due—(w+T) 


0 


Ad (2), 
(13) 


_ [Px |= 2171 
— 20 


° 


The term A,N(x) is due to the settling of the electrons on the anode and can be neglected 
in the transcritical mode (H >Hey) at distances sufficiently remote from the anode, where 


N (x) >N (24), 


Let us consider the relative order of magnitude of the quantities in the integrand of (13). 
The factor exp [-(u2+I)2] reaches a maximum when wv? = (|I'| - I) /2 and decreases rapidly 
when u? deviates from this value. The half-width of the curve exp [-(u2+I")2] does not 
exceed unity. It is easy to see that within these limits the fraction under the integral sign in 
(13) changes into an infinitesimal of first order of smallness. Indeed y| is close to the velocity 
of the slowed-down wave in the magnetron and its order is |y| ~ (107! - 10-4, whereas vps 
corresponding to T, = 1,000°K, has a value vT = 10-2. We can therefore expect that 
formal expansion of the fraction under the integral sign in (13) in powers of u2 + Ir|-I/2 
would enable us to represent the integral by a series in powers of the small parameter 
vy/2|y|. 

After carrying out this transformation, we obtain 


ial 


USP | 
2\y| +27 39 


2» « 5 
N (x) = “ } 2|px! vr c ING py (T) Xx 
21g + (op —) 
j hy (TP) — th (T) b thy, (P) — py, (T) id | 
eS a) eee ee [tara eae 
vp rhs ca). (14) 
ee rir °T Tp, +211 
<tr 
v2 r+i{r|- 4v7T 
ie ee eer (! reel 
210_ + Mie Bal a 
r Lae ik 
=zV ie a r) tase te(s)): 


) 
ee) 

fy, (LT = | UE Ca 
0 


It is easy to verify that whenp, => v7, the terms in the braces of Equation (14) form a 
decreasing sequence of numbers, with relative order v7/2y. 

The course of the curve N = N(x) can be readily visualized by substituting in (14) the 
asymptotic expressions for the Bessel functions. Then, retaining the first term in (14) we 
obtain in the lowest approximation in powers of vp 


(4; one 0: (16a) 
oeeaae vr S| Px] <2] 4] — ers (16b) 
ae) tel 


ey (Ne =P \\4e\\ 5 (16c) 
ae rm 2lr|ter< |pxl<|Pral- (16d) 


| Poe = a (rane 
It follows from (16) that as the distance from the cathode increases, the electron density decreas 
and reaches a minimum when px =y. At distances p 2y the density N(x) has a relative 
maximum, beyond which N(x) diminishes very ene Bo on the anode side. 
Thus, the boundary of the space-charge cloud lies near the value 


p, = 2|7|. (17) 


If 2ly|< Pel then the greater part of the electrons emitted from the cathode will strike 
the anode and large current will be produced in the anode circuit. On the other hand, if 
2\y| > |p,,|, then only the "tail" of the distribution N(x) will reach the anode, and the current 
in the anode will be small. Therefore, the equality 


rh fe ease (18) 


defines the critical mode of the magnetron. 

It is interesting to note that the formula (16b) , which determines ane variation of N(x) at 
the center of the space-charge cloud, is proportional to Vox (0, Px) [1 [see (7) ], and coin- 
cides with the distribution of the space charge on the surface of a cathode with zero initial 
velocity. 


Figure 2 shows a plot of p = eN(x) for the operating mode of the investigated tube; ny 
was determined from the formula (see reference [7] ) 
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Uy = Nx 2am © ’ (i 9) 


where N and ¢ are the density of the electrons in the conduction band of the oxide and the 
work function of the outside cathode, respectively; these were assumed to be N. = 4- 1018 
and 9 =1.3 ev. x 

The experimental verification of the radial distribution of the electrons in the magnetron, 
undertaken in [8], has shown that in the center of the working volume of the magnetron there 
actually exists a space-charge density. Its relative value, which is somewhat greater than 
that shown in Figure 2 (see Figure 16c of reference [8]), is fully explained by the fact that 
the density measured in B] concerned only electrons of energy greater than 20 ev. 


p,coulomb Formulas (15) and (16) enable us to 
i calculate the magnetron space-charge field Eq, 
3-104 Assuming that in the simplest case that the 
value of N(x) is given by (16b) when IPs. | < 
<2 |y| and is zero when ie >2Iy\, we 
2-104 obtain the following rough estimate: 
oe Fike 8 enovp | Vane 1—e(T) ( 20 arc sin 7. die ite :)] 
1 |on|Va Pxa 2 \ a : | 27 ; 
(20) 
0 ! Pr 2 Se ane 
Y Substituting in (20) the numerical values 
Figure 2. Distribution of density of space of no, Vp, Y, and Py, for the case shown in 
charge in magnetron (y = 3: 108 cm/sec, T,= Figure 2, we find that the maximum of E, is 
=1,000 C, r,=1.6 mm, r, = 2.4 mm). 9.4 - 104v/m and amounts to only 10 per cent 


of the focusing field Ep. 
3. TANGENTIAL VELOCITIES AND CURRENT 


Multiplying (12) by e, putting v;" = Vy, and transforming the resultant expression in 
the same manner as the integral for N(x) , we obtain the following expression for jy(x): 


A 


Qoc\ gee 
herp V2 | Px] (+4 )-« 
) eno V Pad ee 2 


5 ge. ——_—_—_——_——,, xX 
Jy (#) & (On nv, 2 [(ut + vg I)? + 210, ] 
Ch (v8 + 20.) od Ms 
x eT ae a tA ern (21) 


jw-fpo) | 
The second equality in (21) is valid when vp < 1p. | and N(x) >> N(xq), when the electrons 
settling on the anode have a negligible effect on the value of jy) . Dividing the second equality 
in (21) by (14) in its lowest approximation (in powers of vt), we obtain 
21x + (vr me am . i 
Ona Peo: (22) 
2% late ae F 
We see from (21) and (22) that as T, increases the average tangential current increases 
and the average tangential velocity remains constant at py <2 ly| (and equal to vy(0,px), (see 
Oe 


The next approximation yields for Vy (x) the correction 


sy=Oyo 4 AleelterdPI=D) yy WM) _ 
(yo = Tp? + 2yp,,| Ay (0) 
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2 
vr 
5 nS Pett eaters 


2| p— 21, | 
= { ee ‘ = Dy 
Ponce oe re) 
aa fi 
leet { 
| 162 — 44? | BT Ba Relist 


where (vy) 9 denotes the right half of (22). Substituting in (23) the numerical values cor- 
responding to Te = 800 — 1000 degrees C, we can readily verify that the greatest change in 
velocity, due to a 10 per cent increase in Tc, does not exceed 1 per cent. 


4, ANODE CURRENT 


Of all the macroscopic quantities that characterize the magnetron space-charge cloud, 
the easiest to observe experimentally is the electron current in the anode. By calculating 
this current with the aid of (11) (VP =v; > 0) we obtain 


2Y Px. 


oe eng’ [ee co co Sey 
jt) = SE Wat 2 4 0) Foming ase | 


byl aaa 


When IT >>1 this formula simplifies greatly and the residual current flowing in the magnetron 
anode in the transcritical mode is given by the formula 


(24) 


. Do. 
coer ee CNV 2p | Pra | or 
/ 


te oie (ie Sued (25) 


400 500 [ee ee ee ee OSS 
H, oe 1990 1100 1200 1308 
4, oe 


Figure 3 Figure 4 


Figure 3. Dependence of anode current of magnetron, ig, on the magnetic field intensity H 
with U, = const. 
1 — Calculated by formula (24) ; 2 — plotted from the experimental data (Uz = 100 v, 
T, = 100 degrees C, re =1.6 mm, rg = 2.4 mm). 


Ea Dependence of anode current on magnetron, ig, magnetic field intensity H Us = 
= const. 
1 — Calculated by formula (24) ; 2 — constructed from experimental data (Ug = 400 v 
Te = 1, 000 degrees C, r, =1.6 mm, rg = 2.4 mm). 


The dependence of the anode current of the magnetron on the magnetic field, in a mode 
close to critical, is shown by the curves of Figures 3 and 4. Curves 1 were calculated from 
formula (24), while Curves 2 are based on the experimental data obtained with the afore- 
mentioned model with smooth anode. The experimental error did not exceed +10 per cent 
ee errors were essentially due to inaccuracies in the measurement of the magnetic 

ield. 

The agreement between the theoretical and experimental data is good; a certain dis- 
ee is apparently due to the fact that the approximate value of Ny was used in the cal- 
culations. 
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At low currents (on the order of several microamperes) the slope of the theoretical 
curve is twice the slope of the experimental characteristic. Additional current sources are 
the volume ionization of the residual gases and secondary emission of electrons from the 
cathode 


5. ELECTRON TEMPERATURE 


Experiment has shown (see [8]) that the temperature of the neutral gas in the center of 
the working space of the magnetron is quite high and much greater than Tc. This effect can be 
brought about only by interaction between the neutral gas and the electron current, and gives 
certain grounds for assuming that the electron temperature at the center of the magnetron is 
also greater than T,. The same conclusion was arrived at by the authors of references [4, 5] 
in their attempts to reconcile the curves derived in [4,5] for the anode current with experiment. 
In view of the fact that the electron collisions cannot raise their temperature appreciably, 
it is natural to assume that the increase in the mean-square spread of the electron velocities 
(which is equivalent to their "heating'') is the result of the motion of the electrons in external 
electromagnetic fields, and is of purely kinematic origin. 

Indeed, calculating the mean kinetic energy of the electrons 

desi) Hs a nai , 
ae ee eT 5 |210, (a) ee 


mv? 


and using (22) [the second equation in (26) is valid when vp < lol, N(x) >> N(x,)], we obtain 
the following expression for the temperature of the electron gas 


—_ ae kT mv | 
=a eee | =2et abs ask. (27) 
Formula (27) shows that the electron temperature varies quadratically in the direction 
of the anode, and reaches a maximum dae = Le (LZ |y| Vy, 3v7) when P,. = y. Beyond the boundary 

of the space-charge cloud, the temperature of the electrons coincides with Tc. 

In a stationary system of coordinates [see (26)] the average kinetic energy of the 
electron increases monotonically in the direction of the anode. We note that it is precisely 
this energy that determines the interaction between the electrons and the neutral gas. 


CONCLUSION 


In the present paper we described rigorously (without added assumptions and without 
introducing arbitrary coefficients) the static mode of a plane magnetron. An expression was 
derived for the distribution of the electron density in the space-charge cloud, from which 
follows that the electron density has a maximum near the boundary of the cloud. The 
theoretical dependence of the anode current of the magnetron in the critical mode on the 
magnetic field is in good agreement with the experimental data and explains the presence of a 
residual current. Comparison of the theoretical and experimental data enables us to estimate 
the influence of secondary current sources (volume ionization of the gas and secondary emission 
from the cathode) on the magnitude of the anode current. 

The calculated values of the temperature of the electron gas coincide in order of 
magnitude with its qualitative estimate, obtained from the noise characteristics of an under- 
excited magnetron. 

As shown by theoretical and experimental researches (see, for example, [9,10]), the 
space-charge cloud is unstable against high-frequency oscillations. However, these oscil- 
lations are of low intensity and produce a high-frequency field which does not exceed 0.1 
per cent of the static field Ey. Therefore, the deviation that these oscillations introduce 
into the mean value of the space-charge density, given by formula (14), likewise does not 
exceed 0.1 per cent. 


REFERENCES 


1. G.A. Grinberg, Izbrannye voprosy matematicheskoy teorii elektricheskikh i magnitnykh 
yavleniy (Selected Problems in the Mathematical Theory of Electric and Magnetic 
Phenomena) , Chapter VI, Izd. AN SSSR, 1948. 


1175 


2. S. Ya. Braude, ZhETF, 1935, 5, 621; 1940, 10, PAT ; ; ; 
3. Teoriya magnetrona (po Brillyuenu) [Magnetron Theory (after Brillouin)] Collection 
of Translations from the English, Izd. Sovyetskoye radio, 1946. 


4. G. Ya. Lyubarskiy, L.E. Pargamannik, Dokl. AN SSSR, 1952, 34, 491. 

5, L.E. Pargamannik, M. Ya. Mints, ZhTF, Ug ye, PA, ISON. | 

6. S. Chapman and T.G. Cowling, Mathematical Theory of Nonuniform Gases, Cambridge, 
IG By}. 

{bo . Hermann and S. Wagener, The Oxide Coated Cathode, Chapman and Hall, London. 


G 
OSI 
H.C. Neddermann, Journal of Applied Physics, 1955, 26, 1420. 
9. B.B. Kadomtsev, ZhTF, 1959, 29, 831. 
V.P. Tychioskiy, Radiotekhnika i elektronika, 1956, 1, 2, 233; 1956, 1, 3, 344. 


Submitted to the editors, 4 July, 1960. 


POSSIBILITY OF EXISTENCE OF SLOW WAVES IN 
AN ISOTROPIC PLASMA WAVEGUIDE 


G.A. Postnov 


The problem of propagation of a magnetic wave in a plane plasma waveguide with 
dielectric insert in the middle is solved. It is shown that the inhomogeneity of the plasma 
filling the waveguide makes possible the existence of slow waves in the guide. 


Slow guided waves, i.e., waves whose wave number in the waveguide is greater than 
the wave number in the free space are used in many fields of microwave electronics. These 
can be produced by filling the waveguide with a dielectric, by placing a ridged structure in 
the waveguide, etc. One of the methods of slowing down the waves is to fill the waveguide with 
an anisotropic material. As shown in [1], a wave can be slowed down by placing transverse 
to the axis of a cylindrical waveguide a stratified dielectric in which layers of thickness a 
with dielectric constant € alternate with layers of thickness b and dielectric constant unity (in 
general, €;). The transverse wave number of such a waveguide is given by the formula 


gt =" (ee — hr’), (1) 
Zz 
where 
ae+b. __ (a+d)ye 
“oe Gaal © 8 none ; 


It is easy to see that the slow waves, for which g? <0, can be obtained even if the di- 
electric constant is less than unity. This will-take place, for example when € < -b/a and 
-1<¢e<0. 

Another widely known method of slowing down waves in a guide is to fill the guide with 
a gyrotropic plasma. This method calls for the production of appreciable magnetic fields 
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particularly in the centimeter band, so that its practical use is quite difficult. However, 

as will be shown presently, slow waves can apparently be obtained by using also the inhomo- 
geneity of the plasma inside the waveguide in the absence of a magnetic field. This inhomo- 
geneity is brought about by the decrease in the electron concentration toward the walls of the 
waveguide as a result of diffusion. As can be seen from [2] although the phase velocity in 
a plane waveguide with plasma does decrease compared with a uniformly filled waveguide, 
no slow waves are formed. To obtain slow waves it is necessary to introduce into the wave- 
guide still another surface, which changes the distributionof the electron concentration and 
consequently changes the permittivity of the plasma in the waveguide. 

Let us examine the plane waveguide with plasma (Figure 1). If we place inside the wave- 
guide, at equal distance from the walls, a thin dielectric plate with permittivity close to unity, 
it will not greatly distort the field in the waveguide, and the decrease in plasma concentration 
in the vicinity of the plate will be similar to that produced near a metallic wall. Approximating 
the distribution N between two surfaces by a cosine function, we can write for this case 


sin >> | F (2) 


y 


ny) 10g 
Figure 1 Figure 2 

Figure 1. Plane waveguide with dielectric insert. 

Figure 2. Dependence of transverse wave number on the concentration of the plasma in 


plane waveguide with magnetic wave. Solid line — waveguide with dielectric plate, dotted 
line — waveguide without insert. y 


Under this assumption, the wave equation for the magnetic waves assumes the form 


VE. ’ 4ne2No| . xy 

ap [# he — je oe sin >, | 13, = (3) 
with boundary conditions E, | =-b.p = 9. This is a Hill equation with period 7. Let us 
expand Equation 2 in a Fourier series over the interval 2b: 

= Gi) || 4 ney) 4 Ty 

sin oF = 3a cos 257 — 75x 008 4 ap (4) 


We see that the series of Fourier coefficients converges absolutely. Substituting (4) in (3) 
and putting 4TeN)/me? = 2q, we rewrite (3) in the form 


PE. [ = a 
at E +2 51 Bn cos 2nt | B.=0. (5) 


n=l 


Here 


tH a= (By[eoe A] mere 


a (An? — 1) ° 


ICE 


The general solution of the Hill equation on the basis of the Floquet theorem can be written 
in the form 


Ei, = Aer>D (C, o) + Be-¥*DM (€, —o), 


where 0 is a certain parameter [3]. The function ®can also be represented in the form of 

a trigonometric series, where o plays the role of the phase. To satisfy the boundary con- 

dition it is necessary that E, be an even function. This means that B= 0. This condition 

is satisfied when o = -7/2. tn this case, UW = 0 and 6) is an eigenvalue of Equation (5) . 
Using the formulas given in [3] , we write 


1 1 4 
0, =1 Os. On Os mer see (6) 


or, substituting the values of the coefficients, 


(2) [# —  — 2] = 1 — 0,4264q — 0,078392 ¥ 0,00019° —... . 


A plot of (k? - h’) vs. q at a 3-cm wavelength is shown in Figure 2. For comparison, 
the same figure shows the same relation for a plane plasma waveguide without dielectric, 
calculated in accordance with reference [2]. We see that, starting with a value q = 5.56 slower 
paves be to propagate in the waveguide. This corresponds to a concentration Ny = 4.24 - 

O EO) Seiad 

This conclusion is of certain interest, all the more since it follows from [1] that when 
the waveguide is filled with a substance with abrupt changes in €, only electric slow waves can 
be obtained, but not magnetic ones. In addition, the method of obtaining slow waves in a 
plasma waveguide, by introducing only a single supplementary surface (in a round wave- 
guide, probably, only a thin coaxial dielectric rod), results in relatively low losses and 
in some cases may prove to be more convenient than other methods of producing slow-wave 
structures. 

Iam deeply grateful to Ya. B. Faynberg for valuable hints. 
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CONCERNING THE SENSITIVITY OF RADIOMETERS 


G.P. Apushkinskiy 


The effect of fluctuations of gain on the sensitivity of a superboardband null radiometer 
is examined. 


From the point of view of the effect of fluctuations of gain on the sensitivity of a radiom- 
eter, the compensation, modulation, and null methods are three successive stages of im- 
provement. 

In the compensation method [1, 2] , the fluctuations of the gain are involved with a small 
"weighting factor,"’ determined by the fact that the high level of internal receiver noise passes 
through the entire amplification channel. 

In the modulation method [1, 3] only the noise signal passes through the entire amplifi- 
cation channel, and this signal is usually less than the apparatus noise (by a factor of n), and 
consequently gain fluctuations will have a lesser effect on the sensitivity (by an approximate 
factor of n). In particular, when the bandwidth is increased the limiting sensitivity, connected 
with the gain fluctuations, will be n = (Tj + Ta) /AT times higher for a modulation radiometer 
than for a compensation radiometer (see reference [3], p. 740). In this case, although the 
full level of internal noise prevails in the channel up to the detector preceding the narrow- 
band low-frequency amplifier, one can nonetheless neglect the associated effect of gain fluctua- 
tions under prevailing relationships between the gains and bandwidths before and after the 
detector. 

In the null method [4, 3] there is no signal in the channel past the detector (i.e., in 
the low-frequency amplifier and beyond) , and since the gain in this part of the channel 
constitutes the main gain of the radiometer (usually an increase in power of several million). 
the contribution of the gain fluctuations to the sensitivity is reduced to a negligible amount. 

However, the use of traveling-wave tubes in radiometers [5] , and in particular the 
development of the direct-amplification TWT radiometer [6] have made it possible to increase 
the bandwidth to 10 per cent. Suggestions have been made to increase the bandwidth of the 
radiometer to 20 per cent [7] , inasmuch as the hoise problem entailed thereby can be solved 
in principle. In this case, an analysis of the role of fluctuations in the sensitivity of a null 
radiometer may be of interest, The noise spectrum existing here past the detector (ahead 
of the low-frequency amplifier) , due to the input temperature T (the intrinsic noise plus the 
load noise) and due to the gain fluctuations, has the following form (reference [2], p. 433): 


_ AQ, 
G, (Q) = 4T? ——_~_ (1) 
NOZCRES =| O2 
we 
where AQ,, is the effective band of the spectrum of fluctuations of a(t) . 
The filter of the low-frequency amplifier picks out of this spectrum the harmonic of the 
modulation frequency. Past the filter, the mean-square value of the fluctuations is given by 


the formula 
O% 


ee \ Ga (Q) O (Q) dQ, (2) 


Q, 


where A&._ is the characteristic of the low-frequency-amplifier filter with passband in the 
interval (j— {. 
In particular, for a rectangular filter band, we obtain 


yz —8er coe 
Fetas cael Gea Ole) Nay. (3) 


1179 


Usually the modulation frequency Qm (which lies in the vicinity of Qy and & 2 and 
between the two) is chosen greater than A{{g. Taking this into account, we can obtain ap- 
proximately 7 

az __ 16 wT?AQ,AQs 
US oe (4) 


where AQ, is the effective bandwidth of the filter. 
The synchronous detector, mixing the fluctuations with the reference voltage of frequency 
Qm, "shifts" the spectrum to the null region, and the integrating device that follows it usually 
has a much narrower bandwidth AQ than the low-frequency amplifier filter bandwidth AQ > 
so that filtering is determined by AQ, and we finally have 
272 
yi _ 16 BTMAQ,AL S 


202 
WOO 


Further, determining the sensitivity of the radiometer in the usual fashion [2] , we obtain 
in lieu of the known expression for the sensitivity of a null radiometer [3] 


oP = xT (5S) : 6) 


(where Aw is the bandwidth of the radiometer, and the effect of the gain fluctuations is not 
taken into account at all), a new expression 


AQ 16 a2AQ, AQ |" 
or = ar [88 4 | é (7) 


202 
mW Qs 


When the radiometer bandwidth Aw is broadened and the power supply for the traveling-— 
wave tube is insufficiently stabilized, both terms in the brackets may become of equal order 
of magnitude. 

It is necessary to choose the modulation frequency Q m 28 high as possible without tending 
to increase the stabilizer supply frequency for the traveling-wave tube. Although the increase 
in frequency decreases the weight and dimensions of the apparatus, the effective band of the 
fluctuation spectrum Af ,, is also increased thereby. 

The recommendations given by formula (7) may be of interest also for a radiometer 
with a traveling-wave maser, when the band Aw is not as wide as in a TWT radiometer, 
but then the gain fluctuations (i.e., a2) may be considerably greater. 
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INVESTIGATION OF FIELD EFFECT TRANSISTORS 


Z.S. Gribnikov, B.N. Kompan and L.V. Svyatogor 


We describe the production of diffusion field-effect transistors made of germanium. The 
static parameters and the characteristics of such transistors are investigated under various 
operating conditions. Phototriode operation is considered and the photosensitivity of the 
transistors is determined and found to be 100 amp/lumen, 


INTRODUCTION 


Channel or field-effect transistors were proposed by Shockley [1] and first investigated 
by Dacey and Ross [2,3]= They have a high maximum gain frequency and large input resistance 
and can also operate as very sensitive phototriodes. The search for effective methods of 
production of such transistor and an investigation of their properties is therefore a timely 
problem. 


1, ELEMENTS OF THE THEORY 
1. Homogeneous Channel in the Approximation of a Smoothly Varying Potential. 


We shall call a channel homogeneous if: a) the electric field in the channel depends on a 
single coordinate; b) the channel is characterized by a single value of the cutoff voltage (V9), 
at which the layer depleted of carriers extends over the entire cross section of the channel. 
In the approximation where the potential varies smoothly along the channel, an approximation 
valid within limits established in reference [1] , the volt-ampere characteristic of such a 
channel is given by the formula 


i= [f@) —f GI: (1) 


where ~ = V/V); V is the voltage between some point of the channel and the gate; 9g and Ygq 
are the values of ~ pertaining to the drain and to the source of the channel, respectively* ; 
i =I/Ip; I) = GoVp, where Go is the conductance of the channel when (gp = 0 and ¢g > 0; f&) 
is the so-called "channel function," the form of which depends on the geometry and on other 
properties of the gate and of the channel. 

For a plane-parallel one-dimensional channel with sharp p-n junction and highly doped 
gate (for example, with p*-n junction, formed by linear variation of the impurity concentration 
see [1]), we have 


f(a) =9(1 —5 4"): (2) 


For a plane-parallel one-dimensional channel with p-n junction formed by linear variation of 
the impurity concentration (see [4]), we have 


j(@) =e(1 $4"). (3) 


Formulas (2) and (3) are valid when 0<@< 1. 

When ¢q = 1, the channel is cut.off. The field in the channel then becomes infinitely large 
near the drain. A further increase in ¢g does not change the distribution of the potential in the 
channel, except for a small section near the drain. This enables us to assume that f@) = f(1) 
when @ >1. : 

Recognising that when ~ >@e = Ve /V) a breakdown of the p-n junction takes place, and 

*We use here the same terminology as in the Russian translation of references [1, 2]; 
for channels with electron conductivity the drain is the anode, the source is the cathode and the 


gate is the grid. 
1181 


that injection is observed when ~ < 0, we can represent the channel function f (?) in the form 
plotted in Figure 1, and make use of formula (1) for arbitrary 4g and Ygq. Using the plot 
of {(@ as a template, we can construct a family of characteristics i = F@g - go) for con- 
stant Yoo using arbitrary oq and Ps0° (This is done in Figure 1) . 


~ 


£ 


ie) 
ry 
o 
SS 


Figure 1. Family of characteristics i = F(jg) for different values of go, constructed with the 
aid of the channel function f'0) (heavy curve); %g = g - Ygo- 


The main static parameter of the field-effect transistor is the mutual conductance, definec 


as 
O(a a) ems ) 
In the cutoff mode, its value is 
Geaes aa (4") 


When @qy = 0, we have df(pq) /dpy =1 and G = Gp. 


2. Account of the Finite Limiting Drift Velocity of the Carriers in the Electric 
Field 


The cutoff criterion E =~ is true if the carrier drift velocity increases without limit 
as the electric field is increased. In fact [6] at fields greater than 10*v/cm this increase is 
greatly slowed down in germanium and in silicon and quasi-saturation sets in, the carriers 
reaching a limiting drift velocity (for electrons in germanium its value is vj, = 5.4 ° 108 
em/sec). Assuming for simplicity that the carrier drift velocity is directly proportional 
to the intensity of the field, ‘4 =ugE, where ug is the mobility of the carriers in weak fields, 


so long as vg < Vj]jm, and is then independent of the field, we introduce a saturation criterion 
in the form 


“a __. ibis 
E=E,=-im, 6 


Figure 2 shows the dependence of Va f(E) for electrons in germanium, taken from reference 


[6], compared with the simplified relationship, used in the calculation. In this case Ee = 
= 1400 v/em. 
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The saturation voltage and current I, and Vg, of the 
field-effect transistor is determined, using the criterion (5) 
by solving the system 


Vqr» cm/sec 


He a oe toe eAGe) is = 7 (9,)—f (9); (6b) 


where is =Ig/Ip, Ys = Vg/Vo, and Yg = Eel /Vy [Equation (6b) 
is Equation (l) rewritten in the new notation, while Equation 
(6a) follows directly from condition (5)]. From the system 
(6a) and (6b) we obtain for @, 


m Sem s 
voll 97) = 9, (1— 887) —@, (1— 2), ie 


10 we 0310 05, v/om 


Figure 2. Dependence of the where m = 1/2 when f(@) is given by formula (2), and m = 2/3 
electron drift velocity in ger- when f() is given by (3). 
manium on the electric field Figure 3 shows the dependence of the channel saturation 
intensity. 1 — Experimental voltage , - Ygo on Gc for various values of Qgo (for m = 1/2). 
dependence at 300 degrees K _—_ Unlike the limiting case (@ = ©, when ¢g, = 1 no matter what 
[6] ; 2 — dependence used for the value of @go, the value of ¢, depends on Qgq When Y, is 
the calculations. finite. Therefore, when ¢e < f 0, the family oF characteristics 
can no longer be plotted by means of the template (Figure 1). 
The saturation current Is becomes less thanI) when Qo = 0, 
and the average mutual conductance becomes less than mG)/(m +1). Figure 4 shows the 
dependence of ig (for @g0 = 0) On Ge (m = 1/2). 


Is 
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S799 
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ier = a el i a el 0 2 Ue OF OF 10 12 16 16 18 20 22 24 26 28 ip. 
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Figure 3. Dependence of %,=Yg-Pg0 ONY, Figure 4. Dependence of ig and Gm on 
for different values of (gq for ec with Ye With go = 0 for channels with steep 
steep p-n gate junction. p-n junction barrier. 
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The mutual conductance of the transistor, defined by formula (4), can be obtained in 
the form 


Calin it ts ee oe GE (8) 
=i Vols tor tmecey) 


When ¢ ~°, formula (8) gives the same result as (4'), namely G = Go(1 - Guar). When 
Qe ~ 0 we get PY, -Ye and G = MOo™Go(l - Pg0™. 

Let us formulate our conclusions: 

1) In long channels (, > 1.5 — 2), the maximum current and the average mutual con- 
ductance are inversely proportional to the length of the channel [I, = mV )G)o/(m+1)]. A 
further decrease in the length of the channel leads to a slowing down in the increase of Ig, 
which assumes at Ye ~ 0 a saturation value 


Ts = GoEgl = goke, ° (9) 


where gy is the conductivity of a channel 1 cm long. 

2) The saturation voltage for (gg = 0 in long channels is equal to Vo. With decreasing 
channel length V, < Vo (for example, when m = 1/2, and q = 1 we have Vg = Vo/2). When 
(ce ~ 0 we get Vg = Ec l. 

3) The power released in the channel at saturation voltage diminishes slowly with 
increasing channel length. 

4) When Y,9 # 0, the value of Vg depends on Vgo, increasing to Vo as Vgq > Vo- 


3. Effect of Small Inhomogeneity 


It is difficult to produce perfectly homogeneous channels. A small inhomogeneity can 
be accounted for in the theory of smooth variation of potential in the channel. 
Assuming that the cutoff voltage and the conductivity of the channel vary along the channel 
so that 
df 


done qe Ee (10) 


aq 


[for the case of a steep p-n junction barrier, this corresponds to a width varying channel 
as a(x) = ao(1 + yx)]. The normalizing voltage V» in formula (10) is referred to the point 
x =0. The volt-ampere characteristic is then obtained by integrating the equation 


T = gVo(1—q™ + 72) ES (11) 
(go, like Vo is referred to the point x = 0) and has the form 
?dr a 
be \ (l=) exp[% (o—)| dg, (12) 


Ss 


where, as before, i=I/Ip, with Ip) = goVo/Z. 
In the case of small inhomogeneity, we obtain from (12) 


Pes be fs fi (Pe) Lh (& } : 
i 1(g) 1(9,) 4 ve] (Gy 7) — %| (13) 


where f;(@ = 7/2 (1 - 2/m+2- o) . Then asymmetry sets in and the plotting of the 
family of characteristics by means of the template is again impossible. 


2. PREPARATION OF EXPERIMENTAL SPECIMENS 
We used as experimental specimens end-connected diffusion field-effect transistors. 


The manufacture of unipolar transistors on the base of a diffused p-n junction is described 
in references [4,5], but the methods proposed there call for very high mechanical precision 
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if channels with sufficiently large perimeter are to be obtained. Sufficient accuracy is 

apparently unattainable, and the channel current is much less than the calculated value 

(see [5)) . Therefore, to obtain specimens with high mutual conductance, we employed a procedure 
procedure in which the diffusion of the impurity and the etching occur on the same surface, 

and, consequently, there is no need for 

high accuracy in the mechanical working. 

The experimental specimens are shown schema- 
tically in Figure 5. 


fale 


Figure 5. Experimental transistor specimens 
(a — general view, b — cross section) . 

1 — Germanium slab; 2 — lead from p-region 
of gate; 3 — source lead; 4 — holder, drain 
lead; 5 — gate region, 6 — source region; 

b 7 — drain region, 8 — channel region. 
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3. INVESTIGATION OF EXPERIMENTAL SPECIMENS 


The experimental specimens had channels of length 1 ~0.025 cm, the extent of the front 
of the channel (perimeter) was d ~1 cm. The conductivity of the channel was in the range 
Gp) ~ 0.002 — 0.005 mho; the cutoff voltage V) was 15 — 40 v. From these data we can cal- 
culate the saturation current Ij, the thickness of the channel a, and the gradient of the im- 
purity concentration in the cross section of the channel ©, assuming linear variation of 
the concentration [4] : 


2 ; 
i ae GV o (14) 
im deu,d Vy (15) 
font Gy’ 
__ 21G (6) 
a guy,dg i 


We get a ~6—10 microns and ©6~10!9cm-*. The approximate value of © can be obtained 
from calculation of the diffusion process, by measuring the depth of the p-n junction: 
F (Cy, Np 
6 = 2 Cogs) ; (17) 
where F(Co, &,) is a function of the concentration ®&, of the main impurity in the parent 
material, and of the concentration of the diffusing impurity at the surface Cy. The value of 
6 obtained from (17) is also about 10!°cm-!. 


1. Electric Characteristics and Parameters 


The measurement of the statistical characteristics and the parameters was greatly 
hindered by thermal effects in the transistors. In spite of the fact that the construction of 
the transistors ensured good cooling (the specimens were constructed similar to the regular 
P8 transistors, and the crystals were soldered to the crystal holders over the entire drain 
plane), the temperature did not stay constant enough during the measurements, owing to the 
strong localization of the heat relased in the field-effect transistors. Thus, the saturation 
current of the gate doubled in 20 minutes when P, = UsIg was 300 mw, and quadrupled for 
Pg, = 500 mw (it then remained constant and returned to its previous value as the specimen 


was cooled): here U, = Vg - Vgo- 
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The thermal effects resulted in the following: 1) appearance of negative conductivity 
in the gate at sufficiently high drain voltages; 2) reduction in the values of the saturation 
voltage and saturation current; 3) occasional appearance of negative drain — source con- 
ductivity in the saturation mode. ‘ . : 
The first effect is attributed to the increase in the heat generated by the minority carriers 
at low gate voltages, when maximum power is generated at the drain. The two other effects 
are connected with the reduction in the mobility of the carriers upon heating. We therefore 
employed in all the measurements forced air cooling of the specimens, which reduced the 
heating considerably and suppressed the thermal effects. Po et y 
Inasmuch as in our specimens (, was on the order of 1 — 2, a limitation of the drift 
velocity should have been observed. Figure 6 shows the calculated characteristic [formula 
(3)] for one of the specimens, along with the experimental points. The origin of the coordinates 
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Figure 6. Calculated channel function (Vj) = 18 v, I) = 65 ma), and experimental points, plotted 
in shifting coordinates I,, Up (the bias voltage is equal to Vgo): 


es aVeg 0; 2— Vgo = 3-2 V3 Sart Vii enone Ae WV aoee tous 5 — Vgo = 11.6 v; 
6 — Vso = 15 v. 


was shifted for each voltage between the gate and source by the amount of this voltage along 
the theoretical curve. As can be seen, the agreement is very good, with the exception of 
the high-current points at Vso = 0, where a limitation of the drift velocity should appear. 

The maximum mutual conductance G,, was for this reason always less than the conductivity. 
In Table 1 are compared the values of G,, and Gy for several specimens. 

An asymmetry of the characteristics was observed for the majority of the specimens 
when the source and drain change places. Figure 7 shows a family of characteristics with 
strong asymmetry (specimen No. 365). The points at which the injection begins at Us >0 
fit well on the volt-ampere characteristic I, = (Us) with Vgo = 0, when the source and the 
drain change places. The asymmetry of the characteristics is apparently due to the inhomo- 
geneity of the channel (See Section 2). 


The breakdown voltage at various source voltages satisfied well the equation 
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(nde = (U3,4- Viole = Ves = const. 8) 


This is seen in Figure 7 (for both half-families) , and also in Figure 8, which shows plots of 
I, = f(Vgo), for various U,. 


Table 1 
No, of |Maxi- Maximum = No. of | Maxi- |Maximum 
; Initial ‘ Initial 
Speci- |mum  |mutual con- Conductivity| Speci= | mum mutual con- PR Ae 
mens |Current|ductance y = mens Current |ductance , pea) 
593 20 3.2 G2, 503 20 7 
: 4,0 
595 | 30 2.4 4.5 311 42 6.4 a7 
88 | 20 1.8 2.45 545 40 6.4 = 
834 9.2 Aes) 153) 
h.ma 
‘ 
19 


Figure 7. Volt-ampere characteristics I, =f (Up) for the" forward" and "backward" tran- 
sistor connection: 
a — Normal family; b — family of characteristics when the source and drain change 
places: c — normal family for Up <0. 


The internal resistance (differential resistance of the drain) of transistor specimens 
with maximum current 20 — 30 ma ranged from 10 to 100 kilohms, reaching a gentle maximum 
half-way between the saturation voltage and the breakdown voltage. 

The input current ranged for most specimens from 10 to 30 microamperes. The input 
differential resistance in the case of sufficient cooling from the specimen was positive and 
its value for the good specimen ranged from 1 to 10 megohms. 

The blocking ratio, i.e., the ratio of the saturation drain current at Vco = 0 to the 
minimum drain current (see Figure 8) exceeded 100 for the satisfactory specimens. 

The capacitance introduced by the transistor into the "anode" circuit when the drain was 
biased by 10 — 15 v amounted to 20 — 40 micromicrofarads. 

Preliminary measurements have shown that the transistors could amplify at frequencies 
on the order of several times ten Mc, and resonant circuits could be tuned by varying the 
voltages on the drain and on the gate. 


2. Phototriode Properties of the Specimens 


The possibility of using unipolar field-effect transistors as phototriodes was regarded 
in reference [5]. It is based on the high sensitivity, which can be obtained with germanium 
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Figure 8. Volt-ampere characteristics Figure 9. Diagram of phototriode connection 
Ip = f(go) for different values of Up. of field-junction transistor. 


and silicon phototriodes. In the case of a field-effect transistor, the p-n junction that separates 
the gate from the drain, channel, and source, can be used as a phototriode, while the voltage 
delivered to a load in the gate circuit will control the drain current (see Figure 9). Apparently 
the sensitivity of such a phototransistor has a value (for Rgr < Rr, where Rr is the differential 
resistance of the gate) 


My,= Myh,,G: (19) 


where M,. is the sensitivity of a gate as a 
photodiode. When Rgj > R, we have 


M =M,RG (20) 


Taking Mgj ~ 20 ma/lumen, Rj ~10 megohm, 
G ~3 ma/v, we obtain Mp = 600 amp/lumen. 
The dependence of the drain current on the 
illumination level, and also on the choice of 
the values of Rqj and Egj, can be readily 
ascertained by using the photodiode character- 
: : : istics of the gate and the drain-gate character- 
eee oie ae Bee es : istic of the transistor (see Figure 10). We 
diode denote by L the light flux in lumens, incident 
; on the light-sensitive surface of the transistor, 
and by Ida and I¢ the dark and full gate currents, respectively. Then when 
Ie =14.+ Mab > i 
the voltage on the gate does not exceed several hundred millivolts (Ugj = Vgo ~0), and the channel 


current is close to the maximum value, Ig9. When 
E 


eas 
A : WV aad di bl 
Ie = Jag MLS rast igh = 
the gate voltage Ugj exceeds the blocking voltage Ug; bj], and the channel current is close to 
zero, At light fluxes Ly > L >I», where 


: Eis 1 E.—U di bl 4 
[tee aoe ) ies ( di iL : 21 
. ( Ra, da My; 2 Raj ha| Mai (21) 


The drain current is refulated by the incident light. This is illustrated in Figure 11, which 
shows the experimental curves Ig = f(L) for several values of Egj. By varying the value 

of Egj, we can obtain the intervals of sensitivity of the phototriode near any value of il- 
lumination, and the width of the interval (and consequently the sensitivity in it) is determined 
by the value of Rg; (so long as Rg; < Ri). 

In plotting the relationships shown in Figure 11, and in other photoelectric measurements, 
we made use of a prefocused incandescent lamp, which produced under normal filament con- 
ditions a light flux of 1750 lumens (at a color temperature * 2,850 degrees K). To calculate 
the sensitivity in amp/lumen we measured thearea of the light-sensitive surface of the 
specimens, which in our case was the portion of the source surface not covered by the 


ff Ya i 


Figure 10. Used in the calculation of the 
transistor photosensitivity: 
Volt-ampere characteristic b= fv so) 
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contact. 


Table 2 lists the maximum sensitivities for four specimens. In measurements made 
on these specimens, the operating point was chosen in the region where the specimen had 


the greatest transconductance. We measured the increment in the drain current with the 
illumination varying by 50 — 120 lux. 


{,ma 


0 200 «6400 =6600 »=S 800 »=— 1000 «1200 = 1400 ~=—1600 =1800 §=—2000 
{lumination, lux 


Figure 11. Lux-ampere characteristics of the drain current for different voltages Egr(Up = 
=4v; Rgj =1.9 megohms) . 


Table 2 
No, of Area of light- | Increase in Increase in Sensitivity 
© AS C) - ry 5 J 
: sensitive sur- illumination,| drain current, : 
Specumen face, mm“ lux ma amp/lumen 
346 2.0 56 4.9 44 
380 0.5 BY) 5.4 216 
365 40) 420 8.6 71 
1 0.6 59 5.65 159 


3. Temperature Dependence 


We investigated the influence of the temperature on the phototriode operation (Figure 9) . 
In a phototriode circuit, the effect of the temperature is quite analogous to the effect of 
additional illumination, as can be seen from the dependence of the drain current on the temp- 
erature atvarious values of Eg;, as shown in Figure 12. The additional effect is that 
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Figure 12. Dependence of the drain current on the temperature for different voltages. 
Eqgi( Up = 8 v; Rgji = 1.9 megohm): 1 — Egj = 0v; 2— Egy = 20v; 3— Egj = 30 Vv; 
ee a5 0 Vs 65 — i Baie 1.05 40. Edi =100v;7— Egj = 130v. 
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with increasing temperature the maximum current decreases. This drop is due to the 
decrease in the electron mobility with increasing temperature, and its magnitude coincides 
with the value calculated on the basis of this assumption. 

The sensitivity of the gate current to the temperature by the same factor GRqj (or GRj) 
entering into the corresponding photosensitivities, and thus the situation is analogous to what 
takes place in ordinary phototriodes. It is, therefore, advantageous to use field-effect 
phototriodes as receivers for modulated radiation or for individual light pulses, when the 
resistance Rgj in the circuit of Figure 9 can be replaced by an inductance of sufficient 
magnitude or, at constant modulation frequency, by a resonant circuit of high @e 

When the gate bias source is sufficiently strong, such a circuit maintains high sensi- 
tivity to an ac light signal, but does not respond to constant illumination and to temperature 
variations in narrow ranges. 


CONCLUSION 


A possibility is indicated of obtaining field-effect transistors of the end type with high 
mutual conductance and considerable working currents at high blocking ratio. An investigation of 
such transistors has indicated the need for taking into account the saturation of the drift 
velocity of the electrons in strong electric fields during the analysis of the operation of the 
transistors.. Field-effect transistors can serve as sensitive phototriodes. Their photo- 
sensitivity can exceed the sensitivity of other known semiconductor devices. The tempera- 
ture dependence of the drain current at T < 70 degrees C is due to the temperature depen- 
dence of the mobility of the electrons and to the temperature dependence of the bias on the 
gate as a result of changes in the gate current. The former dependence is small, while the 
latter can be suppressed by using sources of constant gate bias with small output resistance, 
and by using inductances, resonant circuits, and other elements of low active resistance as 
control elements. When operating with large resistance in the gate circuit, the transistors 
can be used as highly sensitive temperature transducers in small temperature intervals. 

The authors consider it their pleasant duty to thank V.A. Fomenko and K.M. Krolevets 
for a discussion of several problems considered in this paper. 
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ON THE THEORY OF FIELD EMISSION AND 
THERMIONIC FIELD EMISSION OF METALS AND 


SEMICONDUCTORS 


M. I.Yelinson, F.F. Dobryakova, V.F. Krapivin, Z.A. Malina and A.A. Yasnopol'skaya 


Numerical calculations are given for the density of the field-emission and thermionic-field- 
emission currents, and also for the energy distribution of the emitted electrons for metals and 
semiconductors, using a new expression for the transparency of the surface barrier (3) 
and over a wide range of the parameters E, T, uw, and x. 

The results of the calculations differ from those previously obtained for metals on the 
basis of the WKB method. 

Many data are obtained of importance for experimental investigations and operation of 
the cathodes. 

The calculations for the semiconductors make it possible to estimate the limits of ap- 
plicability of the simplest analytic expressions, and also to determine many parameters of 
the emitter substance. 


1. STATUS OF THE THEORY 


As is well known, the quantum-mechanical theory of field-emission of metals and semi- 
conductors is based on several assumptions. 

1. The "internal potential" of the metal or semiconductor is constant and agrees with the 
"bottom!" of the conduction band, which is separated from the vacuum level by the magnitude 
of the electron affinity x. 

2. The potential barrier on the boundary with vacuum is a barrier of the image forces 
V = -e?/4x. The total potential function is given by the curve ABxyCG (Figure 1). The 
position of the point xp is determined from the equation y = eExy + e?/4x9. 

3. The flux of electrons incident on the 
emitting surface is calculated from the equi- 
librium distribution function over the states. 

P 4. The problem is assumed to be one- 
dimensional; this is manifest in the depen- 
dence of the potential only on a single co- 
ordinate, neglecting the ''spottiness" of the 
surface, the "atomic structure" of the surface 
barrier, and also in the calculation of the trans- 
parency of the barrier with the aid of the one- 
dimensional Schroedinger equation, where 

the transparency is determined by the energies 
connected with the normal components of the 
electron momentum, and is completely inde- 
pendent of the transverse components. 

5. The equal energy surfaces are assumed 


p 


spherical . 
Figure 1. Potential barrier on the boundary Assumption 1, corresponding to the Sommer- 
between a solid and vacuum. feld model, is not too well founded, but can- 


not, as is well known, be circumvented by 

simple means. 

Assumption 2 is fairly correct starting with a certain distance from the surface (for 
example, from the point C, x ~3A, Figure 1). The variation of the potential function at 
closer distances has not yet been determined theoretically. Various heuristic assumptions 
were suggested in this regard quite some time ago (Langmuir, Schottky), but these are 
difficult to verify. Recently, in connection with experimentally observed anomalies in the volt- 
ampere characteristics of field emission at limitingly high currents, the hypothesis was 
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again advanced [1] that the true barrier differs from the one obeying the image-force law 
(Curve ABCG, Figure 1). The anomalies should be particularly strong in the case of com- 
plicated barrier forms (presence of adsorbed layers). An attempt at a quantitative proces- 
sing of the equations of emission under certain spatial assumptions on the barrier V = 
2 

= — eae was made by G.F. Vasil'yev. 

AXE 

We note that the origin of the anomalies has not yet been established reliably. Nor 
has the correction to the image-force law for semiconductors been determined at the present 


time, and it is assumed in the theory that 


(€ is the dielectric constant) . 

Assumption 3 is valid for metals and low-resistance semiconductors, and is very poorly 
satisfied for high-resistance semiconductors with low values of x. [3] . 

Assumptions 4 and 5 have little justification, but, as in case 1, they cannot be circum- 
vented by simple means. 

In most investigations the transparency of the potential barrier D is calculated with 
the aid of a quasi-classical (WKB) method. For the image-force barrier 


hea pays mals. | 
DEST Ee p= esp ae (1) 
2 
where 6, = ee +V; E is the external field and O(y) is the Nordheim function: 
4 a <a Sel 
9W=FaV 1 +VI— PIL) — 0 — VI WK (2) 


In expression (2), y =e VeE/ \8,| (for metals), k’ = (2V1 —y2/1 +V1 —y*)* ; Lk’) and 
K(k') are the complete elliptic integrals of the first and second kinds. 

As is well known, a shortcoming of the WKB method is the indeterminacy of the solutions 
for the W functions in the classical "turning points" x, and xg (see Figure 1) and the fact 
that this method is poorly applicable for non-smooth barriers and for barriers having a 
small area under a given level @,. 

Thus, the method becomes unreliable in principle in the calculation of thermionic field 
emission of substances with low work functions. Yet it is widely used in analytic [4] and nu- 
merical [5] calculations for metals, and also in analytic calculations for semiconductors [6]. 

In order to construct a general theory of thermionic field emission and field emission 
[7], use has been made recently of an approximate expression for the transparency of the 
potential barrier, suitable in principle for electrons of arbitrary energy, both below and 
above the peak of the barrier [8]. For the case of the image-force law we have 


4V2 m2 |S |" a: 
b=(1+exp| 44?" ew|} (3) 


However, inview of the complexity of the problem, numerous approximations have been 
used for the calculation of the current, and these have led to narrow temperature and field 
intervals in which the final analytic expressions are valid. Certain approximations signify 
essentially a return to the WKB method. In addition, the formulas are cumbersome and 
inconvenient for use of experimenters. This remark applies equally well to metals and to 
semiconductors, although certain formulas for semiconductors (the case of nondegenerate 
gas) have wider ranges of validity [9]. 

This status of the theory has motivated us to carry out numerical evaluation of the density 
of the field emission and thermionic field emission currents and also of the energy distribution 
in metals and semiconductors, using expression (3), The purpose is to extract the maximum 
amount of information necessary for comparison of experiment with theory and to estimate 
the range of validity of the simplest approximate analytic expressions. We have decided to retai 
the equilibrium distribution function of the electron states, inasmuch as it is valid for a 
large number of substances. This preserves the possibility of comparing our calculations 
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with those of references [5] and [6]. For 

the same reason, we decided to retain the 
image-force barrier, which, furthermore, 

is physically just as well founded as are other 
reasonable barrier forms. 


2. METALS 


Our calculation of the density of the 


Q2 04 06 081K 12 16 18 20 y field-emission and thermionic-field-emission 


-02 currents for metals is based on the integral 
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The integrand is the product of the 
equilibrium current of degenerate-gas particles 
with energy ¢.in the interval @,, é. + déx , 
multiplied by expression (3). The energy is 
referred to the vacuum level. The quantity 
-x is replaced by -~, in view of the large energy 
interval of the filled part of the conduction 
band. 

The integral is on the whole complicated, 
but a particular complication is introduced into 
the calculations by the Nordheim function O(y). 
In the WKB method it is sufficient to know: 
Figure 2. Plot of the Nordheim function 6(y). the function © (y) in the interval O< y <1, 

for which it was recently tabulated [10] For 
our calculations we had to tabulate 6 (y) for the region y > 1, with the aid of the general 
expression (2). A plot of © (y) is shown in Figure 2. In the interval O< y <1 a good agree- 
ment is noted with the data of [10]. In the choice of the parameters E, T, and p we attempted 
to include among them those used by the authors of reference [5], who used expression (1) in 
their calculations. 

The results of the calculations are shown in Figure 3, in the customary coordinates 
log j = £(1/E) for the interval p = 2 — 4.5 ev and for T = 0 — 3000°K. 

The general course of the voltage-ampere Characteristics is best traced for material 
with low work function 9 = -w=2ev. Figure 4 shows curves of log j = f{(1/E) (Curve 1) and 
log (j/E*) =£(1/E) (Curve 2) for kT = 0 and @= 2ev. At small j, curve 1 is a straight line. 
Further at a field E much smaller than the critical field Ej, for which y = eVeEgr/p = 1 
the curve departs from a straight line towards lower values of j. A noticeable tendency is seen 
towards a faster increase in j at fields E greater than critical. At still greater fields, the 
presence of Schottky deviations can be assumed. 

Curve 2 reflects most prominently the fact that the deviation from linearity begins long 
before E,,. is reached. A noticeable difference from the calculated results of reference [5], 
in which the WKB approximation was used, is evident. The difference can be naturally explained 


ays m*\,.[* 
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by the fact that at small E we have { 0 (bss 4, and both results should coin- 
cide. As E increases, the exponential function comes close to unity, and the new transparency 
of the barrier is much lower than the quasi-classical one. The typical form of the experimental 
characteristics log j = {(1/E) is similar to the form of Curve 1 on Figure 4. In many cases 
however, the departure from linearity towards decreasing j and the subsequent faster increase 
in j occur at electric fields which are apparently even smaller than Egy. 

An interesting situation is brought about by the fact that a similar type of characteristic 
can be obtained also by assuming a barrier form different from the image-force type, or by 
taking into account the space charge connected with the emission. 

The results of the calculation permit a theoretical investigation of the energy distribution 
of the emitted electrons for E and T varying over a wide range. In the case of field emission, 
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ibuti i 6 i i distribution over 
the distribution over the total energies P(&)dé differs noticeably from the 
the normal components P(éx)déx . There is no calculation of P(8)dé in [5]. We do not give 
here all the calculated distributions, Figure 5 shows only several distributions of P(é)in F 
relative units. ; he zero corresponds to the level yw; ¢ = 4.5 ev (for comparison with Figure 6). 
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Figure 3. Dependence of log j = {(1/E) obtained by numerical calculation for metals using 
Equation (4) (for the interval y = 2 — 4,5 ev and T = 0 — 3000 degrees K). 


When E = const, the maximum shifts towards lower energies with increasing E and the 
distribution first becomes narrower, and then remains practically constant. 

The distributions P(¢)determine the noise properties of the cathodes. It is found that 
that the half-width of the distribution over the total energies is always less than the correspondin 
half-widthfor the energies @, . However, precisely the latter were used for an estimate of 
the effective temperature of autoelectronic cathodes [11] because the effective temperature 
was found to be greatly overestimated. 

Figure 6 shows several distributions for the energy ¢x (solid curves). The transformation 
of the form and of the width of the curves for constant T and variable E, as well as for constant 
E and variable T, is quite obvious. The dotted curves represent the corresponding results 
of the calculation [5]. It is patently evident that the use of the WKB approximation exaggerates 
the role of thermally excited electrons in the emission. 

The calculation results permit a choice of various operating modes for emitters, i.e., 
an optimal choice of E and T. Thus, for example, if with increasing T it is possible to maintain 
j by reducing the field E from a value E; to Ey, then it is possible to increase the total current, 
for the same voltage U, by a factor (E;/E,)? 

Figure 7 shows a series of equal-current curves in coordinates E, T, for O= 2.5, 3.5 
and 4.5 ev, and for four values of j. It is seen from the curves that it is difficult to reduce 
E greatly by increasing T. It must be noted, however, that at very high voltages, any 
possibility of reducing the voltage is important. 

From the curves of Figure 3, we can extract important information on the variation of 
the slope of the characteristics at different modes, dj/dE = y di/dU, and also concerning 
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Figure 5. Distribution of emitted electrons over the 
total energies for metals. 
a— E=7.2-10'v/em, p=-4.5, 1 —kT=0, 2— 
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Figure 6. Distribution of emitted electrons over the energies %, for metals: 1—E=5.2- 
-10'v/em, w=4.5 ev, 2— kT=0.172, w=- 4.5.ev. 


their nonlinear properties, connected with the value of d?j /dE?, something which we shall 
not discuss here. 

The results of the calculations allow us to propose a simple method of determining the work 
function © of the emitter substance and the surface field E, without calculating the latter with 
the aid of complicated and unreliable electrostatic formulas. 

To determine ¢ and E, it is necessary to use in principle the experimental volt-ampere 
characteristics log i = f(1/U), plotted for two different emitter temperatures. It is assumed 
that the temperature emitter is measured with sufficient accuracy and that its emitting surface 
is well known from electron photographs. In the determination of the quantities indicated 
above, certain errors creep in, but it is well known that the possible errors are much lower in 
this case than those connected with the calculation of the field E. 

The method proposed is illustrated in Figure 8. The curves a and b are the theoretically 
calculated relatioships log (joo09/jo) =£@ and log (j2000/j1000) = £@), where ¢ is the work function 
and jo000> jiooo, and jo are the current densities at the corresponding temperatures. The 
curves on these plots are constructed under constant values of jp OF jino0. Curve c shows 
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schematically the experimental characteristics log j = £(1/U) (j is determined from the 


itting area) . ; a 
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the value of joo99, and then determine ¢ from the theoretical curves. From the value of 9 
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Figure 7 


Figure 7. Equal current-density curves for simultaneous variation of E and T, and values 
©=2.5, 3.5, and4.5 ev. 1—j=1- 10" amp/cm?; 2 — j)=10° amp/cm’, 3 — j =1 - 108 
amp/cem? 4 — j =1 - 104 amp/cn’. 


Figure 8. Illustration of the method used to determine the surface electric field E and the 
work function ¢; a — Theoretical relationship: 1 — j) = 10° amp/cm?, etc. b — Theoretical 
relationship: etc. c — Experimentally plotted relationship. 


we can determine in the final analysis the value ofd(log j) /d(1/E). Knowing the experimental 
value of d(log j) /d(1/U) , we can determine the geometric factor B = E/U, and consequently 
also the field on the emitter vertex (E).. We can thereupon determine experimentally, with 
sufficient accuracy, the range of operating electric fields, a very important factor for the 
physical interpretation of the experimental results. 

The method described here is similar to the well-known method of I.S. Andreyev [12], but 
does not require any cumbersome calculations and is not based on the analytical formula of 
Guth and Mullin, the range of application of which is limited. 

It is important to note that if the initial values chosen for jp and jio99 are not too large, the 
results of the determination of ~ and E will be valid even when the true surface barrier deviate: 
from the image-force law. 

Thus, the calculations for metals enable us to obtain many interesting consequences, impo 
tant both for the understanding of the mechanism of emission, and for experimental research. 


3. SEMICONDUCTORS 


We use, as the basis for the calculation of the density of field-emission and thermionic- 
field-emission currents for semiconductors, the integral 
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For convenience, the energy is referred to the bottom of the conduction band. In addition, 
as is readily shown, we have in this case 
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The integral (5) is based on the notion of nondegenerate electron gas over the entire 
interval of fields E. We consider this case to be the most characteristic and most inter- 
esting for field emission of semiconductors. 

The electron gas in the semiconductor can be degenerate, independent of the application 
of the external field. In the case the formulas for metals yield highly accurate values of the 
density of the field-emission current. One can expect degeneracy of electron gas in the 
semiconductor layers next to the surface, under the influence of the penetration of the 
external field, only in the case of substances having very high x, when there is practically 
no current drawn at high fields to disturb the equilibrium character of the processes. 

In cases of practical interest, namely those of substances with relatively high resistance 
and low x, electric breakdown and destruction of the emitter precede the degeneracy. 

Inasmuch as n depends on T in the nondegenerate case, it is advantageous to calculate 
j/n. Tochange over to j we must carry out a parallel displacement of the characteristics 
log j/n) = £(1/E) along the ordinate axis. 

Certain difficulties in the choice of parameters for the numerical integration are caused 
by the relation between the electron affinity x and the dielectric constant €. The quantity € 
is connected with x (or example, assuming the image-force law, by the relation x = 
Biae at z : , where a is the lattice constant). At the same time, ¢€ enters into the formula 
explicitly via the argument of the Nordheim function. 

We deemed it possible to specify y and € independently (in particular, different values 
of x for identical €), for this ensured a large set of possible combinations. In principle, it 
is always possible to choose suitable semiconductors. 
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Figure 9. Plot of log (j,n) =f(1/E) obtained by numerical calculation for semicon ; 
using Equation (5), for the interval y = 0.7 — 4 ev, T =300 — 1500 °K., and € = 6; dotted 
curves correspond to Stratton's formula (7) for T = 300 K. Dash-dot lines are plotted on 


the basis of criterion (6) . 
AO 


An integral analogous to (5) (with WKB transparency) was calculated in reference [6] 
by an excessively simplified method. Subject to the condition 


2V 2m: ra 
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(Stratton's criterion) the transparency is practically independent of the electron energy and 
corresponds, for example, to the transparency for the bottom of the conduction band. 
In this case we obtain a simple analytic formula for j: 


S 1, y 9 iy 
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The main problem in the calculation is to obtain the exact theoretical variation of the 
volt-ampere characteristics by using a new expression for the transparency, and a com- 
parison of these characteristics essentially with the simpler formula (7). 

Figure 9 shows the characteristics log (j/n) = {(1/E) calculated for the interval of values 
Xx = 0.7 — 4 ev and kT = 0.026 — 0.029 ev, and for a typical value « = 6 (we omit the analogous 
series of curves for other values of €) . 

It is easy to note several interesting features in these characteristics. First, the curves 
exhibit saturation at values Egy which are defined for each x. This fact distinguishes the be- 
havior of semiconductors from that of metals, for which a complicated variation of the curves 
is observed after Ecr is reached (Curves 1 of Figure 4) . 

It is still difficult to propose at present a rational explanation of this difference. 


The calculated values of E,, agree well with the simple formula <—* Ser =1 
and this result is by no means trivial. 

We note, first , that the limiting value of j/n increases with increasing T. This is readily 
explained by the fact that at a given concentration, the particle current incident on the surface 
increases with increasing average thermal velocity. 

Second, the slope of the quasi-linear portions of the characteristics decreases noticeably 
with increasing temperature. This is particularly noticeable for small x, but manifests 
itself quite cleanly also for large y. 

Third, the interval j is covered by the quasi-linear portions of the characteristic de- 
creases sharply with increasing temperature. 

Fourth, at relatively low values of E, thermoelectronic "tails" are clearly evident. 

The dotted curves in Figure 9 are the characteristics log (j/n) =f (1/E), plotted in accord- 
ance with Equation (7) for kT = 0.026 ev (room temperature). The characteristics for higher 
temperatures are obtained by parallel shift along the ordinate axis. The dash-dot lines of 
Figure 9 delineate for each temperature two regions, with Equation (6) applicable on the 
left-hand region (for larger E) . 

A comparison of the exact characteristics with expression (7) leads to the following 
conclusions. 

1. The validity of Stratton's theory is greater the lower T and the higher x. With 
increasing temperature, the slopes of the Stratton lines and of the quasi-linear portions 
of the true characteristics become noticeably different. At low x and increased T, there 
is almost no region of E where the Stratton theory is applicable. 

2. The minimum value of E (at kT = 0.026 ev) in accordance with (6) practically 
corresponds to the end of the quasi-linear portion of the true characteristic. The strong 
inequality sign in (6) is excessive, and at low temperatures Stratton's theory is valid over a 
wider range of E. 

3. At low temperatures, the slope of the quasi-linear portions of the characteristics tan a 
is close to the slope of the Stratton lines tan ae. 

Figure 10 shows a plot of o = tan ac/ tan @ as a function of the affinity x for kT = 0.26 ev. 

Figure 10 leads to a conclusion of importance to the experimenter, namely that the electron 
affinity can be determined from the experimental characteristics, by using the simple formula 

tan a -- (1) ~~ 6.85- 10X45 (y), (8) 
d( as) 
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- where 
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The same figure shows the dependence on x of the number of orders of j/n, included in 
the quasi-linear region at kT = 0.026 ev; this dependence is of great significance for experi- 
mental research. 


Measurements of field emission, as is 


50 clear from the foregoing, make it possible 
at the same time to determine experimentally 
40 such important semiconductor parameters as 
x, €, n, and also the conduction activation 
30 energy, using parallel shift of the saturation 
region. Thus, calculations for semicon- 
20 ductors lead to important deductions of value 
both for the understanding of the emission 
10 mechanism and for experimental research. 
In the calculation of the emission-current 
y ? ; density we purposely made no mention of 
; effects typical of semiconductors, namely 
Figure 10. Plot of o = tan W@/tan a and the the penetration of the external field and the 
number of orders v of the quasi-linear region influence of the surface states of the electrons. 
of characteristics log (j/n) =f(1/E), as func- A correct account of these effects is usually 
tions of y. very complicated. The methods developed in 


[6] are in many respects debatable. Thus, 
for example, calculation of the penetration of the field is based on electrostatic considerations 
at a constant level of the chemical potential, independently of the density of the current drawn. 
Yet it is obvious that this is utterly incorrect when E/e ~jo (0 is the specific resistivity of the 
semiconductor). i.e., in most cases of interest. 

To calculate the near-surface concentration of the electrons it is necessary to employ 
other methods, such as those developed, for example, in reference [13]. Consequently, the 
frequently used expression n =n, exp (AR/kT), where n is the near-surface concentration, 
No the unperturbed concentration, and AR is the bending of the bands near the surface, is 
valid only for very small values of j. An account of the role of the surface states, given in 
reference [6], is correct only for certain special cases (two local systems of surface levels, 
dynamic exchange of electrons with the conduction band only). 

It can be assumed that for semiconductors with large p and small x such as many ionic 
crystals are, it is more correct to disregard the penetration of the external field. With this 
the internal field in the semiconductor is determined by the passing current. 

For such semiconductors we can neglect also the role of surface states, inasmuch as 
usually the work occurs at electric fields for which the barrier due to the surface states is 
"breached." 

Many experimental characteristics [14] actually correspond to Figure 9. 


CONC LUSION 


1. The paper contains numerical calculations of the density of field-emission and ther- 
mionic-field emission currents, and also of the distribution of the emitted electrons by 
energies, for metals and semiconductors, using a new expression for the transparency of 
the surface barrier (3) and for a wide range of the parameters E, T, yw, and x. 

2. It is established that the volt-ampere characteristics differ from those calculated by 
the WKB method. 

3. It is established that the WKB method leads to an overestimate of the role of thermally 
excited electrons in emission. ae 

4. At low temperatures, the half-widthof the distribution of the total energies is less 
than the distribution curve for é,. =. 

5. A series of equal-current curves was obtained (under simultaneous variation of 
E and T), of importance in the operation of the cathodes. 

6. A simple method is proposed for determining the work function and the surface electric 
field without calculating the latter, animportant factor in experimental research. 
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7. It is established that the general course of the volt-ampere characteristics of emission 
from semiconductors differs appreciably from the course for metals at high current densities. 
It is shown that by investigating field emission it is possible to determine several semiconductc 
parameters. 

8. The limits of applicability of the simple theory of reference [6] are examined. It is 
established that at high temperatures this theory if practically inapplicable, whereas at room 
temperature its validity limits are sufficiently broad and the theory can be reliably used in 
experimental research. 
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THERMAL RADIATION PRODUCED BY HOT CARRIERS 
IN SEMICONDUCTORS 


Sh.M. Kogan 


A theoretical calculation is made of the thermal radiation produced by hot carriers 
in a homogeneous semiconductor to which a strong homogeneous electric field is applied. 

; Estimates of the resultant expressions for the radiation intensity show that this radiation can 
* be observed experimentally. Certain features and possible application of the radiation are 
briefly discussed. 

The presence of free carriers (conduction electrons and holes) in semiconductors bring 
about, as is well known, absorption of electromagnetic radiation (see, for example. [I]). 
Hence, it follows directly that the free carriers contribute to the thermal radiation of the 
semiconductor. The radiation produced by the carriers, like the absorption of electro- 
magnetic radiation produced by these carriers, arises when the carriers are scattered by 
lattice vibrations and by impurities; this radiation is essentially bremsstrahlung. 

An appreciable thermal radiation by the carriers can be expected, naturally, when the 
average energy E of the carrier random motion corresponds to sufficiently high tempera- 
tures. This takes place when a strong field is applied to the semiconductor, so that the 
carriers become "hot": their average energy becomes E >> xT/2, where T is the tempera- 
ture of the semiconductor lattice and x is Boltzmann's constant [2]. Thermal radiation of 
hot carriers can be observed when the electron (or hole) gas in a semiconductor is heated by 
a strong field. 

To estimate the magnitude of the effect, let us calculate the spectral distribution of the 
radiation intensity of hot carriers in a homopolar semiconductor such as germanium. We 
make several assumptions to simplify the calculation. We assume that the mean-free-path 
1 for momentum scattering is determined by the interaction between the carriers and 
acoustic phonons. This assumption does not exclude from consideration the case when the 
mean free path for the scattering of the carrier energy is greater than/, and is determined 
by interaction with optical phonons. The latter influences the form of the symmetrical 
distribution function ng(p), i.e., the energy distribution of the carriers Ep; and thereby the 
intensity of radiation. 

We confine ourselves to a region of radiation frequencies w satisfying the inequality 


oS> 1/1," (1) 


where Tis the effective mean-free-time of the carriers. In this case we can confine our- 
selves to an analysis of single-phonon scattering, since the electromagnetic field executes 
a large number of oscillations during the time T between two successive scattering events. 

Under conditions when inequality (1) is satisfied, the dimensions of the semiconductor 
specimen usually exceed the radiation wavelength, and consequently diffraction effects can 
be disregarded. 

We shall assume that the energy absorption coefficient K is so small in the spectral in- 
terval of interest to us, that absorption of radiation inside the specimen can be neglected; 
the radiation is then simply proportional to the volume V of the specimen. This case is 
usually realized in the wavelength region beyond the edge of the intrinsic absorption of the 
semiconductor. 

There is no point in going through the details of the calculation of the probability of 
radiation of a photon by an electron (or hole) through scattering on acoustic lattice vibra- 
tions, for it is sufficient to use the expression for the probability of photon absorption (see, 
for example, [1]). We obtain for the probability of radiation of a photon with wave number 
k and polarization in the direction of the unit vector e): 


2 (WN, } BE, — E,is 
abs (2a)? e Byhi f \ On Si ees | (2) 
Vemit— — V2 ehw3m? 2pu = 4 (Fea) : ( ari h ) 
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The upper symbols refer to phonon absorption, and the lower to the process where a 
phonon is emitted upon radiation of the photon; f and %Q¢ are the wave vector and energy 
of the phonon; N¢ is the average number of phonons with wave vector f; p and € are the 
density and dielectric constant of the crystal;#p and m are the quasi-momentum and ef- 
fective mass of the electron (or hole); 


Ey apa) ein: (3) 


E; is the deformation-potential constant and u is the velocity of sound. 
In the case of acoustic phonons 


N= uT /iQS> AR 


In addition, we can neglect the energy of the phonon compared with the energy of the elec- 
tron (or hole) and the energy of the photon w. 

The probability (2) must be summed over all final states (i.e., must be integrated over 
all f) and averaged over all initial states with the aid of the symmetrical part of the distri- 
bution function ng(p) (the antisymmetrical part does not contribute to the effect). After 
making the substitution (see [3]) , 


xT E2m? 4 4 
ais. EL (4) 


2h 
puemth Ml 


where v, and T. are the velocity of carrier with momentumip and its mean-free-time, re- 
spectively, we obtain the following expression for the spectral distribution of the radiation 
intensity within the full solid angle: 


dl 4V 2ne®e!* nie 2 a 2-An ‘ 2B, li, \ */s 
do = 3r0m'/*¢3] Gs i Pt (mye OPP ne (P) ( ho ; ( ho : | r (6) 
V 2mo/h 


In Equation (5), nis the number of carriers per unit volume and c is the velocity of light. 
In that important particular case when n,(p) can be approximated by a Maxwellian 


function with some electron temperature Te, i.e., when 


ne (p) = 4 (2—)exp (— Ep/xT'e), (6) 


mxT , 


the expression for dI/d w assumes the form 


dl 32 V2nere"? / v \3 ho 7 
dw Mi 3n°/21 { = Ase ). 8 
Here 
v = (xT, / m)':; (7a) 
A(z) = a \ dx x(x + a)'( x - = jem. (7b) 


i) 


The function A(z) can be expressed in terms of Whittaker functions. 

The electron temperature T, as a function of the heating field F can be estimated in the 
following fashion. B.I. Davydov [4] derived for the case when the carriers interact only 
with acoustic phonons the following expression for T,/T (with T,/T >> 1): 


4 


BIG = 
/ 2Y3 


(V xT /m[u)(eFl/xT). (8) 
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__ le can be estimated in a different manner, too. In the case when the carrier scatter- 
ing is characterized by a mean free path that is independent of the energy Ep, Te is related 
to the mobility Up in a field by the following simple formula [5]: 


Te T= (Ho/ Bp)”, (9) 


where |, is the mobility in weak fields. For n-type germanium at T =77°K and F = 6, 000 
v/em (m ~0.2 x 10-7 g, u~5 x 10° cm/sec, 1 ~5 x 10-5 cm, 2 x 104 cm*/v-sec, 
Up ~ 1.5 x 103 cm*/v-sec [6]), we form either formula (8) or formula (9) 


T,./T ~180. 


From this we can conclude that in n-type germanium, at fields on the order of several 
kv/cm (prior to breakdown), we can obtain electron temperatures on the order of 104 K. 

Let us calculate the intensity of thermal radiation of hot electrons in n-type germanium 
for-l, =10* °K, 1-=5 x 10> cm (T= 77°K),, n = 10’ «ems. and V = lem. 

We assume that the radiation detector registers a spectral region from fi w = 0.15 ev 
tohw =0.30ev (A w =0.15 ev) ina solid angle equal to 1/4 of total. Then 


AI ~4-10-® watt*. 


This result enables us to conclude that it is feasible to observe experimentally the 
thermal radiation of hot electrons. 

An experimental investigation of thermal radiation of hot conduction electrons or holes 
can yield information on the extent to which they are heated in a strong field, and partic- 
ularly on their effective temperature. 

An interesting feature of radiation of hot carriers is the possibility of modulating this 
radiation at rather high frequencies, up to about 10!° cps. In fact, the relaxation time T 
for "heating" and "cooling" of carriers is on the order of several times or several dozens of 
free-path times, meaning that Tre] < 107° sec. 

In conclusion, the author expresses his sincere gratitude to V.L. Bonch-Bruyevich, T. 
M. Lifshits, V.B. Sandomirskiy, and O.I. Yakovlev for valuable discussion of the work. 
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CERTAIN PROBLEMS OF REFLEX 
ELECTRON MICROSCOPY 


G.B. Der-Shvarts, Yu. M. Kushnir, L.B. Rozenfel'd, et al. 


A reflex electron microscope, designed to operate at large observations angles and to 
obtain diffraction "by reflection" is briefly described. The instrument is provided with an 
effective illuminating system, an amplifier for the brightness of the final image, a deforma- 
tion chamber and a device for heating the investigated bulk specimen. The theoretical in- 
vestigations carried out in connection with the development of the instrument are briefly 
summarized. 

Fert and his co-workers [1] have shown in their time that when the illuminating system 
in a reflex microscope is inclined by 15 — 25°, it is possible to obtain a fully acceptable 
image with low-scale distortion and large useful surface of the final image. 

We have developed a reflex electron microscope of this type (Figure 1). 

It is known [2] that the number of electrons scattered from an object in the range of 
angles from 15 to 25° relative to the surface of the object, and at very small irradiation 
angles, is exceedingly small. In this connection, a reflex microscope operating with ob- 
servations angle 15 — 25° is characterized by low brightness of the final image. It is known 
[3] that if a reflex microscope is made achromatic with respect to chromatic aberrations and 
if certain tolerances in the adjustment of the aperture diaphragm are adhered to, the resolu- 
tion of the microscope is limited only by the chromatic position aberration and by diffraction. 
The chromatic aberration of position can be reduced by restricting the aperture diaphragm 
of the objective. This restriction on the dimension of the aperture diaphragm also causes a 
strong reduction in the brightness of the final image. We were, therefore, faced with the 
problem of increasing the brightness of the final image for focusing purposes. The final 
image brightness is increased in our instrument by two ways. First, a more effective 
electron gun has been developed, and second, a brightness amplifier is used. 

Whereas the aperture diaphragm in a transmission microscope plays, for the most 
part, the role of a contrast diaphragm, in a reflex microscope the function of the aperture 
diaphragm is indeed in accordance with its name. 

Thus, the resolution of a reflex microscope is determined by the dimension of the ob- 
jective diaphragm, because the radiation reflected from the object surface is quite diffuse. 
Therefore, the effectiveness of an electron gun in a reflex microscope should be estimated 
not from the electron brightness (as guns for a transmission microscope are evaluated), but 
by the density of the current on the object. 

Heretofore, all electron guns for microscopes were designed to ensure maximum elec- 
tron brightness at a minimum load on the object. It is no wonder that we were able to ob- 
serve that three-electrode guns of special type are capable of producing a much greater 
current density on the object than the standard guns used in universal microscopes. Un- 
like the ordinary guns, our design had a conical focusing electrode. We investigated guns 
with conical electrodes with vertex angles 60, 90, and 120° (Figure 2). The investigation 
consisted of plotting the current density j at the smallest cross as a function of the anode 
currentI,. The parameter was the "depth of immersion" h of the end of the cathode filament 
(the filament diameter was 0.12 mm) relative to the initial conical funnel of the focusing 
electrode. The bias was adjusted to obtain maximum current under our conditions (U = 60 ky, 
cathode temperature 2800°K). 


The curves of Figure 3 show the optimum results obtained during these experiments. 


*Reported at the Third All-Union Conference on Electron Microscopy, Leningrad, 
October, 1960. 
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For the electrode with angle @ = 120° we have h = 
0.5 mm; for @= 90 and 60°, h=1.5 mm. For 
comparison, Figure 3 shows also the curve j = 
f(g) for the ordinary UEM-100 gun, in which the 
end of the filament was 0.75 mm above the end 
of the focusing electrode. According to the 
experiments by Haine and Einstein [4] this posi- 
tion of the end of the cathode is close to optimal 
for guns of the ordinary type. As can be seen 
_from the curves, the gain in current density 
amounts to approximately 4.6 times for the gun 
with @ = 120° at a current of 250 microamperes, 
and 7 times at a current of 500 microamperes. 
The currents obtained in reflex operation are in 
the same range. 

The gun which we designed was mounted in 
the illuminating system of the microscope, 
shown in Figure 4. It has an armored lead and 
can be mechanically inclined to any angle from 
0 to 22°. This inclination is set with a vernier. 

Figure 5 shows a section through the ob- 
jective. A distinguishing feature of the ob- 
jective is that the pole piece is removed to the 
object chamber. Thus, various manipulations of 
the object are possible during the course of ob- 
servation. The object stage is constructed to 
permit deformation of metallic objects by tension. 
A standard dumbbell-shaped specimen was subject to tension with the stress concentrated at 
the middle. A specimen 3 mm wide and 1.5 — 1 mm thick could be stressed to failure on 
the stage. The stress concentrator has the form of a cylindrical aperture 1 mm in diameter. 


Figure 1. Over-all view 
of the instrument 
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Figure 2. Electron gun with conical electrode: 1 — focusing electrode; 
2 — cathode; 3 — anode 


Figure 3. Optimum curves showing dependence of current density j in the smallest cross 
section of the beam on the anode current I, for conical electrodes with aperture angles @: 
1—h=0.5 mm, @=120°; 2 —h=1.5 mm, @=90°; 3 —h=1.5 mm, a=60°; 4—h= 
0.75 mm 
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Figure 4. Illuminating system of reflex 
electron microscope 


The same stage also has a holder for an 
object with standard dimension 10 x 10 mm, 
and thickness up to 3 mm (Figure 6). Such 
a specimen can be heated during the observa- 
tion by means of a special gun, a schematic 
diagram of which is shown in Figure 7. 

The brightness amplifier is mounted in 
the microscope as shown in Figure 8. Its 
main purpose is visual observation of the 
screen during the adjustment of the sharpness 
of the objective lens. A similar purely elec- 
trostatic version of brightness amplifier was 
described by Zavoiskiy, Butslov, Plakhov, 
and Smolkin [5], and is used to amplify the 
brightness of the final image in an electron 
microscope [6]. The brightness amplifier 
‘s mounted under the photocamera of the 
microscope. The photo magazine of the 
camera of the microscope is removed from 
the path of the rays in vacuum. Then the 
beams forming the image strike an alumin- 
ized screen which produces a blue glow. The 
image produced on this screen is transferred 
by means of standard specially coated high- 
aperture photographic optics onto the photo- 
cathode of the amplifier. The image on the 
amplifier screen is viewed through an eye- 
piece. 

The microscope is adapted for diffraction 
investigations and reflection. During the pre- 
liminary investigation of the instrument, we 
obtained the photographs shown in Figures 9 
and 10. Figure 9 shows a photograph from the 
surface of "silver steel'', finished to produce 
the structure of platelike pearlite. Figure 10 
shows a photograph from the surface of white 
cast iron. The electron-optical magnification 
is 2500 times, and the resolution is approxi- 
mately 550 Z. 

In parallel with development of the in- 
strument, we investigated theoretically the 
effect of assembly defects and defects in the 
shape of pole pieces on the resolution. In 
view of the fact that the image of the reflex 


? microscope is formed by electrons that have 


experienced considerable velocity losses, non- 
alignment of the axis of the pole-piece channels 
and angular errors in their assembly produce 
in the near-axis region a constant field per- 
pendicular to the objective axis. This field has 
an analyzing action and is capable of producing 
specific chromatic aberrations. Calculation of 
the aberrations due to the assembly and lens- 
shape defects calls for a preliminary deter- 


mination of the corresponding perturbing potentials. These perturbing potentials are usually 


calculated by the method proposed by Bertein, [7]. 


For certain problems, this method is 


mathematically justified from the point of view of analytic continuation. In the form formu- 
lated by Bertein, the method is universal in character, and was used by Sturrock [8], 
Archard [9], and Glaser and Schiske [10] to determine tolerances for the preparation of 
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Figure 5. Section through objective of reflex electron microscope 


magnetic lenses. It can be shown, however, that this method does not yield exact boundary 
conditions for the solution of the Laplace equation for the perturbing potentials, for ex- 
ample for the case of a symmetrical elliptic perturbation of the boundaries of the pole- 
piece channels. 

The last problem can be solved only under thé assumption that the perturbation is as 
small as desired. The modified Mathieu functions can be reduced to sums of Bessel fwnc- 
tions, individual terms of which are multiplied by the parameter of the Mathieu equation 
[11]. The fundamental Mathieu functions reduced to sums of trigonometric functions, in- 
dividual terms of which are also multiplied by this parameter. The latter contains the 
linear deviation of the semi-axes of the ellipse from circular. We can then calculate the 
value of the modified Mathieu function on the boundary of the circle inscribed in the ellipse 
and thus show that the potential on this circle does not coincide with the limiting perturbing 
potential calculated by the Bertein method. 

We have reached the conclusion in our investigations that it is impossible to indicate 
a general method for the calculation of the perturbing potentials and to determine them in 
the near-axis region by integrating over a simple layer. By making further assumptions, 
which reduced the accuracy, we determined the perturbing potentials corresponding to 
asymmetrical boundary perturbations. Since the scope of this paper does not permit us to 
discuss the results of that work, we merely note that tolerances for shifts in the pole pieces 
are on the order of 5 — 10 microamperes for end piece with a geometrical form parameter 
s/d =1.5. These pole pieces were used by us in this instrument. The angular inaccuracies 
in the assembly exert a lesser influence, this being due to the well-known compensation of 
the perturbing potentials, induced by the opposite ends of the pole pieces. Borsch [12] indi- 
cated that chromatic aberrations of all forms can be greatly reduced by using electronic 
filters. 

We have investigated the filter lenses, hoping to increase the resolution of the reflex 
microscope. The calculations were based on mathematical model of single electrostatic 
lenses, used by Glaser and Schiske [13] and by Rudenberg [14]. The trajectories in the 
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Figure 7. Diagram of electron gun 
for heating the object 
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Figure 8. Diagram of brightness 
amplifier for final image 
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Figure 6. Object stage of reflex electron 


microscope 


Figure 9. Platelike pearlite, magnification Figure 10. White case iron; 
2500 x. magnification 2500 x 


1208 


fields of these lenses can be expressed analytically, even in the nonparaxial approxi- 

mation. This facilitates greatly the analysis of the operation of similar lens-filters. The 
investigations have shown that the resolution of the lenses is limited essentially by the 

fact that the beams away from the axis, of nonmonochromatic electrons, are focused in differ- 
ent planes. With the electron energy having a spread on the order of 5 — 6 ev, a back- 


ground is produced on the screen, in which the image produced by the paraxial zones of the 
field is lost. 
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THE EM-6 LIGHT-ELECTRON MICROSCOPE 


V.N. Vertsner, V.G. Nikiforova, et al. 


A combination comprising an electromagnetic single-crystal objective screen of high 
quality and an optical microscope is incorporated in the simplified original production model 
of the Em-6 microscope, called the "light-electron" microscope. The electron image pro- 
duced on the single-crystal screen is viewed through an optical microscope and can be 


*Reported at the Third All-Union Conference on Electron Microscopy, Leningrad, 
October, 1960. 
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| 
photographed by means of an, adapter using a "Zenit S" camera. The resolving power of 
the microscope exceeds 100A. The accelerating voltage is 35 kv. j ; 

The resolving power of the better electron microscope exceeds the resolution of opti- 
cal instruments by about 200 times. This discloses a possibility of using electron optics at 
the same degree of magnification to raise the dimensions of the resolvable object to values 
amenable to observation in optical microscopy. 

To bring about the resolution obtained by means of an electron-optical objective, itis 
necessary to have an intermediate screen of high resolving power. The development of 
such screens was carried out by V.V. Kuprevich [1]. Crystals obtained by him from fluor- 
ite, having dimensions much greater than those of the natural ZnS crystals employed at one 
time by M. Ardenne [2], have high homogeneity and transparency, while the spectral compo- 
sition of their glow is close to the sensitivity range of the human eye. The light yield of 
such crystals differs little from the light yield of polycrystalline phosphors (25 — 30%) of the 
light yield of polycrystalline screens). The resolution of the screens is approximately 650 — 
1000 lines/mm at 35 kv. However, the construction of such a device with a resolution of 10A 
is a very complicated problem, since its electron-optical objective must not be inferior in 
quality to objectives of first-class devices; of equally high quality must be the electric cir- 
cuitry of the instrument and its mechanisms. Furthermore, crystals having such high 
resolution (2500 lines/mm) are not yet available. It was, therefore, natural to begin with 
the construction of a simpler instrument operating on the same principle, proposed by V. 

N. Vertsner, with a resolution intermediate between that of a light microscope and an 
electron microscope. At the Second Conference on Electron Microscopy a preliminary 
communication was made of the possibility of constructing such a microscope [3], which we 
called a light-electron microscope. 

The EM-6 light-electron microscope (Figure 1) is an instrument with an electro- 
magnetic objective, in which the transmitted electron beams produce on a single-crystal 
high-resolution screen a magnified electronic image which is then viewed through an 
optical microscope of low magnification and photographed by means of an adapter using the 
"Zerit S" camera. 

ei The electron source of the EM-6 micro- 
scope is a long-focus gun 1 (Figure 2). The 
cathode filament is fed from the ac line 
through a transformer located in a high- 
voltage oil tank. The diaphragm of the anode 
has a hole 1 mm in diameter. By means of an 
adjusting device it is possible to center the 
filament together with the modulating elec- 
trode (Wehnelt cylinder) relative to the anode 
and thereby aim the beam along the optical 
axis of the instrument. 

Directly behind the anode is a centerable 
condenser diaphragm 2. The mechanism of the 
diaphragm makes it possible to set successively 
in position three different diaphragms without 
breaking the vacuum and to center the dia- 
phragms by moving them in two mutually per- 
pendicular directions. 

—— The illuminating system of the micro- 
Figure 1. Light-electronic microscope scope produces, without the use of a con- 
EM-6 denser lens, a narrow beam of electrons, 
incident on the object (~ 100 microns). 

It should be noted that the use of the light microscope for the subsequent magnification 
of the image decreases the load on the object by approximately three orders of magnitude 
compared with an electron microscope of equal final magnification. 

The specimens are introduced into the instrument through lock 3. The object, placed 
in a hollow cylindrical rod, is mounted in the gap between the pole pieces of the objective 
lens. The rod is sealed on both sides by rubber gaskets and is made up of two parts that 
are screwed together. When in working position the parts of the rod are screwed apart 
and the beam of electrons passes freely through the object. To change the object, the rod 
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Figure 3. Diagram of electric supply to the EM-6 microscope: 
1 — Electronic stabilizer; 2 — generator for high frequency filament circuit of 
rectifier; 3 — rectifier-multiplier; 4 — electron gun; 5 — rectifier; 6 — high 
frequency oscillator; 7 — electronic stabilizer; 8 — first objective lens; 9 — 
ferroresonant stabilizer; 10 — electronic stabilizer; 11 — second objective 
lens; 12 — line. 
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Figure 5. Structure of steel surface; magnification 10, 000 x 


Figure 6. Structure of pearlite surface; magnification 10, 000 x 


is screwed together so that the object is in the internal cavity of the rod and is thus 
protected against contamination as it is pulled through the gaskets into the air, where the 


rod is again unscrewed and the part of the rod with the object removed from the instru- 
ment. 


The aperture diaphragm of the objective 4 is also inserted into the gap between the 
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pole pieces of the objective lens, and is placed behind the object. Its mechanism is 
analogous to that of the condenser diaphragm. 

Traveling past the object behind the objective lens, the electron beam enters the 
second objective lens 5, the magnification of which can be varied in three steps. 

The final electron image is formed on a single-crystal screen 6. The side of the 
screen and of its brass mounting facing the beam are coated with a thin layer of aluminum, 
so as to prevent charging of the screen. The screen has relatively low thickness (0.4 mm), 
which is quite adequate in view of the high strength of the fluorite. Since the image obtained 
on the internal surface of the crystal is viewed through the light microscope, which is located 
on the outside, the thinner the screen the less distortion it introduces. 

The light microscope 7 is mounted on the case of the instrument and can be tilted up- 
ward on a hinge, thus making access to the screen possible. 

To take photographs, a "Zenit S" camera (without lens) is fastened on the eyepiece 
of the light microscope; this camera permits both focusing and taking the electron image 
from the single-crystal screen. The number of pictures per camera load is 36. The most 
suitable emulsion for photography with the EM-6 instrument is fluorographic film RF-3, but 
other films with sensitivity 180 — 250 GOST units can also be successfully used, such as 
type A-2 film. 

The exposures range from 2 to 25 sec, depending on the density of the image and on the 
over-all magnification employed. For an optical-microscope magnification 40x, the over- 
all magnification is 10,000, 5000, and 2000, respectively. The vacuum system consists of 
a distributor, VN-494 rotary pump inside the microscope table, and air-cooled NVO-40 dif- 
fusion pump. The VKZh-94 silicone oil used in the diffusion pump does not oxidize on con- 
tact with air when the oil is hot. 

Mounted in the instrument table is a primitive vacuum attachment, which serves to 
shadowcast the objects. 

The instrument is fed from the 220 v AC line through a ferroresonant voltage stabilizer 
(Figure 3). A high-frequency circuit is used to produce the accelerating voltage. The high 
frequency oscillator, using a GU-50 tube, generates 8 — 9 kv at 60 kes. This voltage is fed 
to a rectifier-multiplier, the output voltage of which reaches 35 kv. The bias voltage on the 
modulating electrode can be adjusted. The microscope lenses are fed with rectified and 
stabilized voltage. 

The electric circuit of the instrument results in a stable image of good quality. 

The EM-6 light-electron, microscope is now produced with a resolving power of 150A 
on photographs and 80 — 100A in visual observation. If the pole pieces are carefully manu- 
factured, the resolution can be improved to 60A on photographs. Further increase in 
resolution can be attained by stigmation of the objective lens by means of a simple stig- 
mator, since the Fresnel rings are clearly seen in the light microscope. The photo- 
graphs of Figures 4, 5, and 6 illustrate the quality of the instrument. 

It can be hoped that the simplicity of construction and the ease of operation will make 
this light-electron microscope widely used in research at that important range of magni- 
fications, which is at the borderline between the magnifications of the light-optical and 
electron microscopes. 
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ELECTRON-MICROSCOPIC INVESTIGATIONS 
OF GERMANIUM SURFACE 


R.Ya. Berlaga, P.P. Konorov, M.I. Rudenok 


Electron microscopic investigations were made of a surface of germanium treated 
with the standard etchants HzO2z and SR-4, with a special etchant that reduces to a minimum 
the formation of monoxide of germanium and dissolves the germanium dioxide, and with an 
etchant used to produce homogenous film of monoxide on germanium. A study was also 
made of the effect of the HF and HNO; contained in the SR-4 etchant on the structure of the 
germanium surface. Parallel measurements were made of the diffusion lengths of the 
current carriers; the data obtained were compared with the structure of the surface. 

The rate of surface recombination and the associated diffusion length of the carriers in 
germanium are among the basic parameters that determine the operation of various ger- 
manium devices (transistors, photodiodes, etc.). These parameters depend strongly on the 
surface finish of the germanium and vary both as a result of mechanical working of the sur- 
face (grinding, polishing, etc.), and as a result of the action of various chemical etchants 
on the surface. It can be assumed that this is due, either to changes in the surface states 
brought about by defects of structural character resulting from the mechanical working, or 
to the appearance of chemically induced films on the germanium surface, principally oxides, 
of various position, thickness, and degree of homogeneity. 

At present there is no clear cut connection between changes in the diffusion length, 
the rate of surface recombination of carriers, and changes in the state of surface; this 
limits the possibility of purposefully controlling the surface properties; the choice of 
etchants to impart specified surface properties is greatly empirical in character. 

In the investigation reported here, the surface of germanium was treated with various 
etchants and investigated with an electron microscope. Simultaneously, measurements 
were made of the diffusion length of the carriers and an attempt was made to establish a 
connection between the surface structure of the germanium and the diffusion displacement 
length. 

The research was carried out on single-crystal specimens of germanium of n and p 
type, with specific resistivity on the order of several ohm-cm, cut along the (111) plane. 
The electron-microscopic investigations were carried out by the carbon-replica method 
with an EM-3 microscope operating at 5500 x magnification. The diffusion length was meas- 
ured by the light-probe method, wherein carriers were injected through a narrow light 
pipe, and their diffusion displacement length was measured by the drop in the collector 
signal as the collector was moved away from the light pipe. 

We used in our investigation the three most widely used methods for germanium sur- 
face finishing: grinding with emery powder, etching in 30% HzO2, and etching in the standard 
etchant SR-4 (50 cc HNO,, 30 cc CH;COOH, 30 cc HF, and 0.6 cc Br). Figures 1 and 2 
show electron-microscopic photographs of surfaces subjected to grinding and etching in 
SR-4. The corresponding values of diffusion length were 0.08 — 0.1 and 0.3 mm. 

Etching in hydrogen peroxide yielded different surface structures, depending on 
whether the etching in the peroxide was carried out directly after polishing or after first 
etching in SR-4, In the former case a well-developed relief is observed, with regular 
crystal outlines (Figure 3), while in the latter the outward appearance of the surface does 
not differ from that obtained directly after etching in SR-4. From the corresponding meas- 
urements of the diffusion-displacement length it follows that it amounts to 0.22 mm after 
etching in hydrogen peroxide, independently of the treatment employed prior to this etching 
(etching in SR-4 or grinding). Thus, an ordered relief does not reduce the diffusion length 
compared with a smooth surface, whereas a disordered relief, obtained directly after 
grinding, greatly reduces this length. 


*Reported at the Third All-Union Conference on Electron Microscopy, Leningrad, 
October, 1960 
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Considerable interest is attached to a study of the effect of individual components in 
compound etchants on the germanium surface. It is assumed that etching in SR-4, which 
contains HNO, and HF, causes the surface of the germanium to be oxidized by the HNO, 
and that the resultant oxide film is dissolved 
in the HF. There are still no reliable data, 
however, on the character or structure of 


Figure 1. Microphotograph of germanium Figure 2. Microphotograph of surface 
surface after mechanical grinding of germanium after etching in CP-4 


this film. We have investigated the action of HNO, and HF on the surface of germanium. 
Before treatment with HF, the germanium was either ground or etched in CP-4. In either 
case, the surface structure and the diffusion length remained the same after treatment with 
HF. This confirms that the HF does not interact with the germanium but with its oxide only. 

Figures 4a and 4b show microphotographs 
of a germanium surface, etched in 683% HNO, 
for 20 minutes after prior etching in SR-4. 

As can be seen from the microphotographs, 

the surface of the germanium becomes inhomo- 
genous. Various minute islands are produced 
on the smooth surface obtained after the prior 
treatment with SR-4, and these islands con- 
sist of grains with a clearly pronouncedform ~4¢ 
of hexagonal pyramids. This gives grounds for 
assuming that the surface of the germanium be- 
comes covered after treatment with HNO, by 
an inhomogeneous oxide film which, judging 
from the forming pyramids, can be identified 
with the hexagonal modification of germanium 
dioxide. One might thing that the inhomo- 
geneity of the oxide film is due to the fact that 
it is more intensely produced in places where 
the surface is damaged. Evidence in this favor 
is provided by microphotographs of germanium 
which was first polished and then treated with Figure 3. Microphotograph of surface 
HNO, ; these photographs show that the ger- of germanium etched in 30% Hz Oz 
manium surface is covered in this case by a after grinding 

continuous loose film (Figure 4c). 

The measured values of diffusion length of the carriers in germanium first etches with 
SR-4 and then treated with HNO, exhibit a large spread in values, from 0. 07 to 0.02 mm, 
which again confirms the inhomogeneous surface structure. A reduction in the diffusion 
length compared with values that are typical of a surface treated in SR-4 can be attributed 
to the formation of an oxide film on the surface, or to inhomogeneities of the surface due 


to formation of such a film. 
In conclusion we give the results of preliminary investigations of the surface of germanium 
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Cc 
etched after prior treatment with SR-4 in various etchants, namely etchant No. 8 (20 cc HNO, 


and 10 ec HF), which reduces the production of monoxide 


Figure 4. Microphotographs of surfaces 

of germanium etched in 63% HNO;: 
a, b — After treatment with SR-4; c — 
after grinding. 


to a minimum and dissolves the 


dioxide, and in etchant No. 5 (40 cc HF, 6 ce H20O2 and 24 cc H20), used to produce a homo- 


geneous film of monoxide on the germanium. 
of the diffusion lengths of the carriers differed 
little from those corresponding to the initial 
surface, obtained by etching in SR-4. In the 
latter case, after etching in etchant No. 5, a 
more or less homogeneous film is produced on 
the surface (Figure 5). The diffusion length 
increases here to 0.5 — 0.7 mm, and conse- 
quently the formation of a homogeneous oxide 
film on the surface of the germanium (at least 
the monoxide film) can lead to a considerable 
increase in the diffusion length of the carriers, 
and it can be assumed that in the case of oxide 
coatings, the reduction in the diffusion length 
is essentially due to disturbances in the homo- 
geneity of these coatings. 


Submitted to the editors 7 February 1961. 
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In the former case, the structure and values 


Figure 5. -Microphotograph of surface 
of germanium after etching in etchant 
No. 5 


CALCULATION OF THE CHARACTERISTICS OF THE 
SCATTERING OF MEDIUM-ENERGY ELECTRONS 
ON FREE ATOMS 


A.N. Pilyankevich 


Results are reported of a theoretical caiculation of the effective cross sections of 
elastic and inelastic scattering of electrons, which determines the image contrast in an elec- 
tron microscope. The dependence of the atomic cross section on the atomic number is dis- 
cussed. The data obtained are compared with the results of Hall's experiment. 


INTRODUCTION 


To determine the physical properties of an object viewed in an electron microscope by its 
image contrast it is necessary to establish a quantitative connection between these properties 
and the contrast, taking account of such structural parameters of the microscope as the ac- 
celerating voltage, the illuminator and objective apertures, and soon. Such connections can 
be established in two ways, either by experiment, calibrating the contrast of the resultant 
images against previously known object properties, or theoretically. The first path is quite 
complicated, since a number of factors influencing the contrast is large. It is, therefore, 
more advantageous to use the theoretical approach, and the results obtained by this method 
should be rid of inaccuracies due to the assumptions and approximations made by introducing 
corrections based on experimental data. 

Inasmuch as the main process that take place when the beam electrons interact with the 
substance of the object in the electron microscope is scattering, the purpose of the present 
work is a theoretical calculation of the effective scattering cross sections 0. We were inter- 
ested here principally in the cross sections that characterize the probability of scattering of 
the electrons by an angle close to the effective aperture angles of the objective lens, %, 
since the only electrons participating in the image of the object are those scattered within 
the aperture angle. The effective aperture angle is determined by the focal distance and by 
the diameter of the aperture diaphragm of the objective and also by the spherical-aberration 
constant. 

The elastic and inelastic interactions are assumed to be independent processes, so that 
the cross sections can be calculated for both processes (Og and Oj) independently of each 
other, assuming the total cross section to be 0 =Og+0.. 

In the present paper we calculate the cross sections Og, 0; and Oo for free atoms, using 
the Born approximation for electrons of medium energy. 


1. ELASTIC SCATTERING 


The effective cross section for elastic scattering can be defined as 


is ds 
in = 2 \ oo sin 0 dd, (1) 
where do,,/dQ is the differential elastic-scattering cross section; according to Mott [1], it 
has the form 
d5, 4 5 
aan pra eed (2) 


4 
aud 


where q= 4% sin § is the change of the electron wave vector due to the scattering (2 vis the 
scattering angle), and f is the atomic x-ray factor. 


* Reported at the Third All-Union Conference on Electron Microscopy, Leningrad, 
October 1960. 
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Table 1 


Cross sections for elastic scattering of 60 kev electrons for atoms with 
Z =3 —11 (in units of 107 cm’) 


Z Element a, =0 4053 2,5 + 10-8 540-9 10-7 2,5-10-2 5 - 10-8 
3 Li 0.450 0,437 0.375 0.252 0,417 0.036 0.008 
4 Be 0.715 0.704 0.657 0.508 0,215 0.066 0.020 
5 B 0.899 0.889 0.841 0.702 0.411 0.103 0.030 
6 Cc 1.026 1.019 0.939 0.827 0.558 0,152 0.042 
6 Cyal 0.926 — — 0.804 0.539 0.146 0.035 
7 N 1.074 1.068 1.038 0.943 0.685 0.212 0.056 
8 O 1.148 1.143 1,116 1.034 0.795 0.277 0.073 
9 F 1.190 _ — 1,094 0.870 0.330 0.078 

10 Ne 1.224 — 1.204 1,147 0.959 0.420 0.123 

14 Na 1.973 — 1.834 1.510 1.086 0.472 — 


The elastic scattering cross sections were calculated by numerical integration of (1). 
We used for the atomic factor f values previously obtained by us [2] and those taken from 
papers by others [3]. The resultant data are listed in Table 1. 


2. INELASTIC SCATTERING 


In accordance with Morse's theory [4] the differential cross section of inelastic scatter- 
ing of electrons has the form 


ae orl S, (3) 


where § is the function of incoherent scattering of x-rays. According to the Waller-Hartree 
theory of Compton scattering [5], the function S is defined as 


S=Z— Dhl, (4) 
where 
fis =\ Vi 7) 7; (r) dr. (5) 


Here W; (r) are the single-electron wave functions of the scattering atoms. The summation 
in (4) is over all electrons of like spin. * 

In the calculation of the inelastic scattering it is necessary, generally speaking, to use 
for q the expression 


q=Y poy + (AEF, (6) 


which takes into account the variation in the wave vector not only in direction, but also in 
magnitude. However, if we assume tentatively the electron energy losses in inelastic scatter- 
ing to be AE = 50 ev and the electron energy to be E = 100 kev, the expression (6) becomes 
equivalent to the formula for the change in the wave vector in elastic scattering even at 

angles less than 1073 radian. 


* Inearlier investigations of Compton scattering and the inelastic scattering of electrons, 
all fjj with i # j were neglected in the calculation of S. However, recent calculations have 


shown [6] that an account of these terms brings about a considerable change in the function S. 
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Table 2 


Cross sections for inelastic scattering of 60-kev electrons for atoms with 
Z =3 — 11 (in units of 107% em?) 


ee =35. 5-10-8 | 10-2 2.5.10-2] 5-10-27] z LM 235, | 5-10-*| 40-2 |2.5-40-2] 5-10-2 
40-3 10-3 
! 
3] Li |1.103}0.263 | 0.084 |0.019 —|7 N_ |0,810] 0.401 |0.180]0.036} — 
4] Be |0,8814|0.356]0.115 | 0.025 | 0.007] 8 O 0.789 | 0.412]0.195 | 0.044} 0.010 
5] B — |0.380 _- — — | 9 F — |0.404] 0.205) 0.049} — 
6;.C — |0.399}0.165 | 0.031 — |10 Ne | 0.732 | 0.385 ; 0,202] 0.053] 0.012 
6 Cra — |0.370] 0.155 | 0.030 — |11 Na | 1.248 | 0.488] 0.206 | 0.058 | 0.015 


Table 2 lists the values of the effective cross sections for the inelastic scattering of 
electrons with energy 60 kev, obtained by numerical integration of (5) using the same Fok- 
Hartree self-consistent field functions as were used in the calculation of the atomic x-ray 
scattering functions and the cross sections for elastic scattering of electrons (the total 
cross sections for inelastic scattering of electrons were not determined, owing to the lack 
of sufficiently reliable data for the function S at small scattering angles. 


3. TOTAL CROSS SECTIONS. DISCUSSION OF RESULTS 


The calculated values of the elastic and inelastic scattering cross sections enable us 
to determine the total (summary) scattering cross sections, which determine the contrast 
of the image. Figure 1 shows the total cross sections for different aperture angles as a 


Aim x 
m0" 


! 
324 067 


70% ~~ 510% 10? 5:10? 10°! 


Figure 1 Figure 2 


function of the atomic number of the scattering atom. As can be seen from the plot, the 
calculated values of the cross sections for each value of the aperture angle can be approxi- 
mated with sufficient accuracy by the equation 


o= AZ", (7) 


where A and k are constants that depend on d% and E. 
The dependence of the constants A and k on the aperture angle for E = 60 kev is shown in 


Figure 2. 

Particular interest attaches to a comparison of our theoretical results with the experi- 
mental relation established by Hall [7] for E 65 kev and & =5 x 107? radian. According to 
this formula 


Ss OMA O VA Gir)s (8) 


1219 


It can be seen from Figure 2 that when k = 1 the value of the coefficient A is quite 
close to 0.14 x 107!8 cm?, which is precisely the same as in equation (8). The aperture 
angle here is 5 x 10737 <a< 10-*, Thus, the linear dependence of the cross section on the 
atomic number, established by Hall, is a particular case of a more general power-law de- 
pendence (7), and applies only at certain values of the aperture angle of the objective. 


CONCLUSIONS 


1. The effective cross sections for elastic and inelastic scattering of 60-kev electrons 
were calculated for nine light elements (Z =3 — 11). 

2. Itis shown that the summary cross sections, within the range covered by the in- 
vestigated elements, can be described by the power-law equation 


with constants A and k that depend on the aperture angle and’on the accelerating voltage. 
3. Good agreement has been obtained between the calculated data and the experimental 
dependences of the total (summary) cross sections on the atomic number. 
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ELIMINATION OF ASTIGMATISM OF THE 
INTERMEDIATE LENS OF AN ELECTRON MICROSCOPE 
WITH THE AID OF A STIGMATOR DURING 
MICRODIFFRACTION 


P.A. Stoyanov and N.M. Grishina 


We report on the possibility of using a stigmator in the intermediate lens of an electron 
microscope to improve the quality of the microdiffraction pattern. The investigations were 
carried out with the UEMB-100 electron microscope. The stigmator comprised two pairs of 


*Reported at the Third All-Union Conference on Electron Microscopy, Leningrad 
October 1960. é 
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| 5 
‘coils, located in a plane perpendicular to the optical axis of the microscope. It was placed 
in the objective tube near the selector diaphragm. The use of the stigmator to eliminate the 
astigmatism of the intermediate lens resulted in an improvement in the resolution of the 
electron photographs. No distortion in scale of the diffraction pattern was observed as a 
result of stigmation. 

| A comparison of electron photographs obtained in microareas of an object of varying 
diameters makes it possible to establish thefollowing rule: the smaller the microarea, the 
higher the resolution of the electron photograph. The improvement in resolution is a result 
of the small influence of aberration of the intermediate lens, resulting from the decrease in 
the input aperture of this lens. Both quantities — the dimension of the microarea and the 
aperture of the intermediate lens — depend on the diameter of the selected diaphragm. There- 
fore a reduction in the microarea, attained by suitable decrease in the selector diaphragm, 
is accompanied by a reduction in the aperture of the intermediate lens. 

The resolution of electron photographs is predominantly influenced by their spherical 
aberration and paraxial astigmatism [1]. It is known that the paraxial astigmatism of the 
intermediate lens can be compensated for with a stigmator [2]. The advantages inherent in 
using a stigmator are evident when observing electron pictures of large microareas of the 
object, for in this case the entrance aperture is large and the effect of aberrations consider- 
able. However, the need for observing a diffraction pattern from a large area of the object 
is a rare event. Asarule, the value of microdiffraction research results increases if the 
electron pictures cover areas of minimum dimensions. Inasmuch as the entrance aperture of 
the intermediate lens is small, the effect of aberrations, including astigmatism, is greatly 
reduced. Whether it is necessary to use a stigmator can be established in this case only by 
experiment. 

One of the tasks of the present investigation was to ascertain the advisability of using a 
stigmator in the intermediate lens, primarily for the frequently encountered case when the 
microscope is operated with small intermediate-lens entrance aperture. The investigations 
were carried out with the UEMB-100 microscope. A stigmator (Figure 1) was located in the 
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Figure 1. Objective of UEMB-100 microscope with stigmator: 
1 — pole pieces of objective; 2 — stigmator of intermediate lens; 3 — pole 
piece of intermediate lens. 
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jective, in the direct vicinity of the selector diaphragm. The stigmator con- 
ces re of coils, located in a plane perpendicular to the optical axis of the : | 
microscope. The relative placement of the coils is shown in Figure 2. The windings ° j 
each pair of coils were connected in series 
and were fed independently; a rheostat was | 
used to regulate the excitation current. The — 
geometrical axes of both pairs intersected 
at a 45° angle. The magnitude and orientation 
of the astigmatism introduced by the stigmator 
was varied by suitable adjustment of the current 
The test object was polycrystalline silver, ob- 
tained by thermal sputtering in vacuum on a 
colloidal film. The electron pictures were 
observed and photographs taken of object areas 
Figure 2. Stigmator of intermediate lens. of varying sizes. In each case the electron 
picture was photographed twice, with the stig- 
mator turned on and off. In the former case, the paraxial astigmatism of the intermediate 
lens was compensated for. The resultant electron photographs of silver are shown in Figure 
3. The electron pictures on the left columns were photographed without a stigmator. The 


Figure 3. Electron pictures of silver, obtained from different microareas 
without stigmator (left) and with stigmator (right) 


upper electron picture was obtained from an area 17 microns in diameter. This is followed 
by electron pictures from areas 10 and 5 microns in diameter, respectively. 

On the right are shown electron pictures photographed from microareas of the same 
size, but with the stigmator. On any pair of pictures, obtained from one and the same area 
of the object with the stigmator off and on, one notices an increased resolution of the elec- 
tron pictures, resulting from the compensation of the astigmatism of the intermediate lens. 
This is also evidenced by the curves (Figure 3) obtained by photometry of two neighboring 
rings, marked on the figure by arrows. This pertains to electron pictures obtained from a 
relatively small area of the object. The smallest diameter of the object portion, for which 
the electron pictures obtained with and without stigmator were compared, was 2.5 microns. 
A further considerable reduction in the microportion dimension (below 1 micron) was 
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accompanied by a decrease in brightness of the diffraction pattern, making the observa- 
tion difficult. Electron pictures taken from an area of minimum dimension are shown in 
Figure 4. In the case when the input aperture of the intermediate lens was insignificant, 


Figure 4. Electron pictures of silver, obtained from a microarea 2.5 
microns in diameter 
a — without stigmator, b — with stigmator 


amounting to 3 x 107%, a noticeable deterioration in the resolution of the electron pictures as 
a result of astigmatism was observed. To be sure, the latter did not always take place. 
Sometimes the effect of the astigmatism at the indicated entrance aperture was not manifest, 
since the value of the paraxial astigmatism did not stay constant. It depended not only on the 
asymmetry of the magnetic field of the intermediate lens, but also on the influence of the 
electrostatic fields of the charges accumulating on the parts located near the beam. This 
pertains also to the selector diaphragm — the narrowest place through which the electron 
beam passes. Obviously, the smaller the diameter of the diaphragm, the stronger the in- 
fluence of the charges and consequently the greater the astigmatic difference between the 
focal distances of the intermediate lens. Accumulation of charges has a random character. 
With time, the formation of contaminations (growth of carbon layers, etc.) causes the mag- 
nitude and location of the accumulations to change. This changes the astigmatism of the 
intermediate lens accordingly. 

The caustic method of eliminating astigmatism, which can sometimes be used [2, 3] is 
not always convenient in our case, since the caustic is observed before the selected dia- 
phragm is placed along the path of the beam. Consequently , in the caustic method of stig- 
mation the influence of the selector diaphragm is not taken into account. If the diaphragm 
diameter is 1 — 0.4 mm, its effect is small and the results obtained are good. If the diam- 
eter is on the order of 0.1 mm and less, the diaphragm can introduce a considerable astig- 
matism. In this case it is possible to use the caustic for a preliminary adjustment of the 
stigmator. The final compensation of astigmatism must be carried out after the selector 
diaphragm is in place. The compensation of astigmatism is established by noting the form 
of the diaphragm image at the instant when the size of its image passes through a minimum. 
If the image does not stretch out in any direction up to the minimum itself, the astigmatism 
is compensated for. Figure 5 shows three photographs of the caustic. The left-hand photo- 
graph was taken before compensation of the astigmatism; the central one is taken after the 
astigmatism was compensated by means of the caustic. The selector diaphragm was then 
placed in the path of the beam and the final setting of the stigmator effected. After removal 
of the diaphragm, the caustic had the form shown on the right photograph. Its form indicates 
the presence of astigmatism. It is obvious that this astigmatism vanishes after the selector 
diaphragm is returned to its place. 

Consequently, the use of a stigmator may be effective also when electron pictures are 
observed from a small microarea, since the selector diaphragm itself adds to the astig- 
matism. 

The stigmator is a cylindrical lens, which distorts the scale of the image along with 
the astigmatism, and thus causes the diffraction rings to become elliptic. Our calculations 
have shown that the distortion in the image scale depends on the placement of the stigmator 
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Figure 5. Variation of form of caustic 


relative to the selector diaphragm. The numerical value of this quantity can be obtained 
from the following expression 


SEY 0 se ag 


ty fA 


Here Ar,/r is the absolute value of the maximum relative increment in the radius of dif- 
fraction rings; Af is the astigmatic difference of the focal distances, introduced by the stig- 
mator; f is the focal distance of the intermediate lens; t is the distance from the selector 
diaphragm to the stigmator; p is the distance from the rear focal plane of the objective to the 
selector diaphragm. Consequently, the closer the stigmator is to the selector diaphragm, 
the smaller the distortion. Therefore, the selector diaphragm should be located somewhere 
halfway between the objective and the intermediate lens, where the stigmator should also be 
placed. 

To verify this conclusion, the stigmator was installed successfully in two different 
places. In the first case it was near the selector diaphragm (Figure 1), and in the second 
in the pole piece of the intermediate lens. In both cases, the same astigmatic focal- 
distance differences were set and the di*fraction « ictures shown in Figure 6 obtained. In 


Figure 6. Distortion of scale of diffraction rings when the stigmator is 
placed near the selector diaphragm (a) and when it is placed in the pole 
piece of the intermediate lens (b). 


order to obtain a sufficiently noticeable distortion of the image scale, the value of Af in this 
experiment exceeded the astigmatic focal-distance difference with a compensation of the 
astigmatism by a factor of six. When the stigmator was located near the selector diaphragm, 
the distortion of the image scale was minimal (Figure 6a). In the second case (Figure 6b) 
the distortion of the image scale increased by a factor of several times. 

Conclusions. The use of a stigmator in the intermediate lens is advantageous not only 
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when electron pictures are taken from large microportions, but also in the practically- 
important case of investigating diffraction spectra from a portion of objects of minimum 
size. In either case, the stigmator increases the resolution of the electron pictures. 

The stigmator, being a cylindrical lens, distorts the form of the diffraction rings. 
In order for these distortions to be a minimum, the stigmator must be located in the 
direct vicinity of the selector diaphragm, and consequently, at a considerable distance 
from the intermediate lens. 
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ALIGNMENT OF AN ELECTRON MICROSCOPE BY 
MEANS OF ELECTROMAGNETIC FIELDS 


P.A. Stoyanov 


An electron microscope can be aligned by means of deflecting systems that act like 
prisms. A 

We consider the properties of a magnetic prism consisting of a cylinder with four cuts, 
forming two pairs of current leads. Each pair acts as a deflecting system. Results are 
given of the calculation of the deflection angle as a function of the geometrical and optical 
parameters, and a formula is derived fro the calculation of the aberrations. The operation 
of the prism was checked in an electron microscope. 

The magnetic field present in the column of an electron microscope result in misalign- 
ment of the lens axis and the axes of other optical elements of the instrument. Consequently, 
high precision in the manufacture of the instrument itself does not:in itself ensure suitable 
alignment of the elements of the column. In microscopes of high resolution, many vital units 
can as a rule be displaced relative to each other, so that the microscope can be aligned with 
sufficient accuracy. However, no matter how perfect the alignment mechanisms, such a 
design reduces the rigidity of the microscope column, and the microscopes become sensi- 
tive to vibration. We are faced with the choice of either having a reliable and accurate 
mechanism to align some unit but reduced rigidity, or increased rigidity at the expense 
of poor operation of the mechanism. 

This alternative has prompted the search for other methods of microscope alignment. 

In particular, the firm ''Metropolitan Vickers" chose a new method for their EM-6 micro- 
scopes. The mechanical adjustment of the illuminating system was replaced in this 


*Reported at the Third All-Union Conference on Electron Microscopy, Leningrad, 
October 1960. 
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instrument by magnetic and electrostatic deflecting systems. Asa result, the rigidity 
of the joint between the illuminating system and the objective was retained. Alignment of 
a microscope with the aid of deflecting field is used also by the ''Philips" firm. 

Distortions due to aberration occur when deflecting fields, which act like adjustable 
prisms, are used for alignment. Aberrations of the prisms used to align the illuminating 
system are not very important. If prisms are used to line the objective, the aberrations 
may reduce the resolving power of the microscope. The use of prisms in the latter case 
must, therefore, be separately considered. 

In the general case, inaccurate manufacture of the column, or stray fields, cause the 
axis of the objective to be displaced and turned relative to the axis of the projection lens 
system (Figure 1). A corresponding tilt of the illuminating 
system makes it possible to bring either the vertex of the 
caustic or the magnetic center to the center of the inter- 
mediate image [1]. In the former case the microscope 
operates with minimum spherical aberration, and in the 
latter with minimum chromatic aberration. In order for 
both aberrations to be minimized simultaneously it is nec- 
essary to make both centers coincident with the center of 
the image. For this purpose it is possible to place on the 
path of the beam two adjustable prisms, one near the ob- 
jective and the other near the object plane of the objective. 
The effect of the first prism is equivalent to turning the 
objective in such a way that its axis crosses the axis of 
the projection system of lenses at a point located in the 
plane of the lower prism (shown dotted in Figure 1). The 
effect of the second prism is equivalent to rotating the en- 
tire system situated in front of the second prism until the 
objective axis coincides with the axis of the projection sys- 
tem (shown by a dash-dot line). The result is an aligned 
system. 

The aberrations of the first system should be minimal, 
for only in this case can we align the microscope without re- 
ducing the resolution. 

The aberration of the deflecting system can be written Figure 1. Alignment of 
in general form as follows [2]: objective with the aid of 

two deflecting systems 


PEPPP EPP ENED yy, 


aka s S, 


—_—— 


Ax, = 6,078 sin 2y — b,08? cos x, 
Ay: = + [by + dy5 + (0s — 12) cos 2 yx] 2B — b,08?- (1) 


> 
-siny + 0,83, 


where @is half the aperture angle of the beam, 8 the angle of beam deflection produced by the 
prism, and bj, by, ete. are aberration coefficients. 

To calculate the numerical values of the aberration coefficients, it is necessary to con- 
sider specific prism constructions. We give below the results of calculations of a magnetic 
prism, the construction of which is shown schematically in Figure 2. The prism comprises 
a cylinder with four cuts, forming two pairs of current leads. Each pair acts as a deflecting 
system. The magnetic field of the current flowing from point a, to a point ag deflects the 
beam in one direction. The field of the current flowing from point by to point bo deflects the 
beam in a perpendicular direction. Independent adjustment of the current in ion pairs of 
current leads with the aid of rheostats R, and Rp (see diagram in the lower left corner of 
Figure 2) makes it possible to deflect the beam in arbitrary direction. 

A deflecting system of this kind can make use of the manufacturing technology developed 
for the stigmators of the UEMB-100 and UEMV-100 microscopes [3], and to obtain high ac- 
curacy of manufacture and setting of the system in the microscope objective, a necessity for 
reduction of the aberrations of the system. 


The magnetic field of the system, calculated by the Biot and Savart formula in the vicinity 


of the axis, is 
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where H, and H, are the x and y components of the intensity of the magnetic field; I is the 
excitation current; R and L are the radius and half-length of the deflecting system, re- 
spective ly; c is the velocity of light in vacuum. 
The angle of inclination in the prism is 8 = 6,; 8 is a constant calculated from the formula 
16 4 en 
eeto a <. z , and n is the ratio of the half-length of the deflecting system to its 
radius (n = 1/R). In this, formula, u denotes the accelerating voltage and e/m is the charge 
to mass ratio of the electron. 


Figure 2 Figure 3 


Figure 2. Construction of current leads of the prism. Lower left — electric 
circuit of independent supply to both pairs of current leads. 


Figure 3. Aberration figures: 
a — General case; b — transformation of astigmatic ellipse into circle by 


changing the focus of the objective; c — compensation of astigmatism of the 
prism by means of the stigmator of the objective. "Degenerate'' coma re- 


mains (circle). 
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The aberration in a near-axis point is calculated by the formulas 


Ar, =--1(4Y 088 sin 24 — A (n) fF af? cos %, 


By 


Vv 


(3) 
Mra si(zy 08 cos 2% + B(n) f 4 a8" sin x, 

where A(n) and B(n) are coefficients that depend only on n; f is the focal distance of the ob- 

jective. 

: The foregoing expressions represent a particular case that follows from the general 

formulas (1), if we put bg = -bj4 and disregard distortion (the term containing the coefficient 

b,), which does not influence the resoltuion of the microscope. 

Thus, the deflecting system under consideration introduces an astigmatic aberration of 
first order (second term), as well as coma, the coma being degenerate (the scattering fig- 
ure is a circle). 

Starting from the results of the foregoing calculation, we establish the following impor- 
tant property of the deflecting system: when the dimensions of the system are proportionally 
changed (n = const), and the excitation current and accelerating voltage are maintained con- 
stant, the angle of deflection 8B remains unchanged. On the other hand, the aberrations of the 
system are decreased: the coma is inversely proportional to the square of the radius, and the 
astigmatism is inversely proportional to the radius itself. 

The coefficients A and B can be calculated. If n =2.5 and R = 3.4 mm (parameters of 
the investigated system), we get A = 0.75 and B=0.6. The corresponding aberration figure 
is shown in Figure 3a. The ellipse is the astigmatic aberration. The arrows show the dis- 
placement of the points of intersection between the rays and the image plane, due to the 
coma. By focusing the objective, it is possible to change the astigmatic aberration figure 
into a circle (Figure 3b). The stigmator of the objective can compensate the astigmatism, 
leaving only the coma aberration, also in the form of a circle, shown in Figure 3c. 

The operation of the described deflecting system was verified with an electron micro- 
scope. The image point of the object, with which the magnetic center coincides, and the 
magnetic center itself, were displaced together. The vertex of the caustic was displaced by 
a smaller amount than the point in which the former was located prior to the displacement. 
This is apparently due to the fact that the position of the zero-coma point depends during the 
operation of the deflecting system not only on the objective, but also on the deflecting system. 

Conclusion. With the aid of a deflecting system, which assume the roles of prisms in 
electron optics, it is possible to align an electron microscope. The deflecting systems in- 
troduce additional aberrations, namely coma and first-order astigmatism, which can be re- 
duced. By using the deflecting system described above, its diameter must be increased, 
maintaining the ratio of the diameter to the length constant. In this case the angle of de- 
clination of the beam, other conditions being equal, remains constant, and the aberrations 
are reduced. 
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ANALYSIS OF ABERRATIONS DUE TO DEFECTS IN 
MANUFACTURE AND IN ALIGNMENT OF ELECTRON 
MICROSCOPES 


Yu.V. Vorob'yev 


An analysis of field chromatic magnification and rotation aberrations shows that these 
can be corrected to an appreciable extent only by precise alignment of the microscopes. 

Defects in the manufacture of the objective lens bring about not only axial astigmatism 
but other aberrations that reduce the resolution of the microscopes. Various methods of 
microscope alignments are compared, and the requirements that must be satisfied with re- 
gard to alignment of microscopes of maximum resolution are discussed. 


1. SECOND-ORDER ABERRATIONS 


The resolving power of electron microscopes is limited by central aberrations: spheri- 
cal, chromatic, and diffraction, which in principle cannot be completely eliminated. Along 
with these aberrations, real instruments are subject to errors due to defects in the manu- 
facture and alignment which prevent attainment of maximum resolution. 

Most important of these errors is axial astigmatism of the pole pieces of the objective 
lens. It is well known that it can be completely eliminated with the aid of a stigmator. How- 
ever, numerous experiments have shown that when working with pole pieces with a large 
astigmatic difference of focal distances, the stigmator does not fully compensate for the 
manufacturing errors and reduces them only by approximately one order of magnitude. This 
indicates that in a high-resolution instrument with an adjustable stigmator an important role 
is played by second-order aberrations, resulting from defects in the manufacture of the pole 
pieces. In the published papers [1, 2, 3] devoted to an investigation of manufacturing faults, 
the effect of second-order aberration on the resolution was not investigated, since it was 
correctly assumed that in a system without adjustable stigmator these errors are small com- 
pared with the axial astigmatism. After adjustable stigmators were introduced into the high- 
resolution microscope and the astigmatism eliminated, these errors began to manifest them- 
selves in the quality of the microscope image. An analysis of the most important of these 
errors, and methods aimed at eliminating them, are discussed here. 

Assume that there are no deflecting fields on the axis of the objective and that the astig- 
matism is compensated for. Then, accurate to second-order terms, the series expansion 
of the magnetic field has the following form: [4] 


4 “ 
Br (G.Y3.2) = oe —B, (a? yy") +-..., 


Bz (2, y, 2) = —4 Biv + 6 Zyay 4305 (2? —y?) +... (1) 


Baexyn 2) = —+ Bly — Gegey + 3 By (2? — y*) + breanh 


2 


where ¢€', and D’, are functions of z and characterize the asymmetry of the field. The cor- 
responding formulas for the aberrations in the Gaussian plane, in the projection of a point on 
the axis, can be obtained in the usual manner and written in the following form: 


*Reported at the Third All-Union Conference on Electron Microscopy, Leningrad, 
October 1960. 
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2p 
Aa = 3n'a? | [2,cos (30 + 2p) — ef sin (30 + 2y)] r2 dz, 


Zo 


2b 
Ay = —3n'a2 \ [3, sin (30-+ 2y) +e, cos (30 +2y)] r3 dz, 
where n* = Ve/2mv ; wis the aperture angle, 9 the angle of rotation of the trajectory in 
the magnetic field, and ¥ the azimuthal angle in the object plane. Eliminating ~, we obtain 
the scattering figure in the form of a circle of radius 


rg Sena ‘ 
Ar =: 3n'02 V( \ (25 cos 30—e; sin 36) r3 art ( (2ssin 30+ €, cos 36) r3 dey (2) 


Zo Zo 


In order to estimate quantitatively the effect of this aberration on the quality of the image, 
let us consider the simplest magnetic lens, consisting of a single turn. Let the equations 
describing the form of the turn have the following form in polar 
coordinates. 


@ = Ro + Api (9), 
(3) 


C= AE (9), 


where Ry is the radius of the turn, © the azimuthal angle, and A 

a parameter characterizing the asymmetry. The form of the 

distorted loop is shown in Figure 1. As can be seen from what 

follows, the aberration of interest to us is due to distortion of 

the type Figure 1. Shape of 
distorted loop 


1 (~) = Acos3g +Bsin 39, 6, (~) = acos 3p + dsin 39. (4) 


From the Biot-Savart law we can calculate with the aid of (3) and (4) the perturbation of mag- 
netic field, due to an asymmetry of this kind: 


: in SD, Te galt Re 
6, (2) = Bg | Fact eae ee eee 
(5) 
F _ 4 ONIp eee Ro 
3 Abe ae ea 


We have numerically evaluated the magnitudes of the aberration by means of formula 
(5) for the case when the focal distance amounted to 1.2 of the radius of the turn (j = 1. 2Ro)- 
If we denote by AJ the deviation of the turn from a plane, and by AR the radial deviation of the 
turn from a circle, the values of the aberrations are 


Ar = (3.5 Al 44.5 AR) a2. 


Taking an illumination aperture of 5 x 103e5 we find that when the deviation from a circle 
is 1 micron (Al = AR= 1y), the aberration is Ar= 1.25A. 

Thus, the magnitude of this error becomes noticeable in high-resolution microscopes. 
It can be combatted either by increasing the precision with which the pole pieces are manu- 
factures, or by using a special compensator. 
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As is done with axial astigmatism, we can con- 
struct an auxiliary lens, which compensates for the 
second-order aberration in the preceding system. 

If we turn to the formulas for the magnetic field, (1), 
we readily see that the scalar magnetic potential has 
the following form in polar coordinates 


WG, Wy 4) = WW ; B,r? 4 


Bias lara: se, compan) izce as 
Figure 2. Three magnetic deflecting pean ria i "ae 
systems 

To cancel out this aberration we must use a 
magnetic field having similar symmetry properties. Such a field is formed in a system com- 
prising three deflecting systems (Figure 2) in the vicinity of the axis, and has the form 


@,, (2) = 7°Q’ (z) cos 3 (p + Vv), 


where V is the angle of rotation of the system relative to the z axis; '(z) is a function de- 
pendent on the configuration of the magnets and proportional to the excitation. It is easy to 
show that by rotating this system and by choosing the currents in the excitation winding, we 
can completely correct for the second-order aberration discussed above and thus compensate 
for defects in the manufacture of the pole pieces of the objective. 


2. ALIGNMENT OF ELECTRON MICROSCOPES 


The purpose of aligning a microscope is usually to make the axes of all its elements 
(illumination, objective, intermediate lens and projection lens) coincident. Reference [5] 
gives calculations and lists tolerances for neutral inclinations of the microscope-lens axes. 

Such a formulation of the problem does not appear to be perfectly correct tous. First, 
we deal here with axes of electron lenses, axes which we cannot see and consequently the 
attained alignment is very difficult to verify; second, the presence of deflecting fields in the 
microscope column and in the lenses themselves makes the very concept of lens axes inde- 
terminate. 

The practical end purpose of alignment is to correct for all those aberrations that in- 
fluence the quality of the image. With this, control of the alignment must be carried out 
against observable quantities, such as the position of the comaless point and the positions of 
the voltage and magnetic centers. Let us show that these quantities are sufficient to correct 
for all the nonaxiality aberrations influencing the quality of the image. 

As a result of alignment defects, we see on the instrument screen a region of the object 
which is noticeably remote from the axis of the objective; consequently, the quality of the 
image is appreciably influenced by nonaxial aberrations. Since the curvature of the image 
is not appreciable, owing to the smallness of the field of view of the microscope, and since 
nonaxial astigmatism can, like axial astigmatism, be corrected by a stigmator, two aber- 
rations degrading the image remain, namely coma and field chromatic aberration. We shall 
dwell on these in greater detail. Let us start with the coma aberration. Let us assume 
that we are viewing on the screen a certain point Py of the object, with corrdinates xX, yo. 
If we denote by x}, y'y the tilt of the trajectory in Py relative to the objective axis, and by 
t, and t, the projection of the unit vector directed along the illumination axis, and by y the 
aperture angle, then 


t=tx+yeosp, y,=ty+7sin hp. 
The expressions for the aberrations assume the form 
Az = Brecos fp + 7? [(2 + cos 2p) (Btx+ Fay — fy) + sin 2p (Bty+Fy)+/%o)1; 


(6) 
Ay = By? sin ty -- 7? [(2 — cos 2rp) (Bty-++ Fyot 7%) + sin 2%p (Btx+ Fx ,— Yo], 
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B, F, and f are the coefficients of the spherical aber- 
rations, the isotropic coma, and the anisotropic coma. 
We see therefore that there exists on the object a point 


Pg, in which there is no coma in the case of inclined 6 
illumination. We call this the comaless point or 
sometimes, following [6] the vertex of the caustic. By 4 


tilting the axes of the illuminator and of the objective 
we can shift this point to the center of the screen. 
Failure to satisfy this condition leads to losses in res- 
olution. Let us estimate the extent of these losses. 
Let the comaless point be situated a certain distance by 


r from the point P), the image of which we see on the js i : BG 
screen of the instrument. 

The condition for the vanishing of the coma in Figure 3. Dependence of 
formula (6) yield the following coordinates of the coma- coma on the excitation in 
less point: the objective lens 

Ly = op (Ft, + fty), ¥,= peo (Fty — jt). 


If we put x) =X +1, and yp =y,tTr , the point Py which we are viewing will be subject in 
addition to spherical aberration $ also fo the coma error: 


Ax, = ¥*? [(2 “t cos 2%p) (Frx — fry) nig sin 2p (Fry + jrs)], 
Ay, = 1° (2 — cos 2p) (Fry + rx) 4- sin 2 (Fr, — fry)], 


and the magnitude of the coma segment will be 


The dependence of the resultant coma on the excitation in the objective lens of the micro- 
scope is shown in Figure 3. In electron microscopes of high resolution, r must not exceed one 
or two microns. 

Another important error resulting from alignment defects is field chromatic aberration. 
We have shown earlier [7] that the total field chromatic aberration is the vector sum of the 
aberrations resulting from the misalignment of the lens axis and the chromatic field aber- 
ration proper of the axially symmetrical system. Whereas the latter aberration is negligibly 
small in microscopes of high resolution, chromatic aberration which results from alignment 

defects can become quite significant. It is independent 

of the magnitude or direction of the currents in the pro- 
I jection and intermediate lenses of the microscope, and 
can be corrected only by alignment. To eliminate field 
chromatic aberration, it is necessary to shift the mag- 
netic and the voltage centers on the screen by realign- 
ment. Unfortunately, owing to the magnetic stray fields 
and imperfect alignment of the intermediate lens, these 
centers do not coincide with each other. For accurate © 
coincidence of these centers it is necessary to introduce 
0 4 & i 16 20 24NI/WV an adjustable deflecting field between the objective and 

the projective lens, but at the present time this is not 
Figure 4. Values of the coefficients done, it being correctly assumed that adequate mag- 
of chromatic aberrations of magnifi- netic shielding makes the discrepancy between centers 
cation and rotation of the objective minimal. Usually, the alignment of the microscope 
(a, d) and also of the chromatic aber-- consists of centering the comaless points and one of 
rations of magnification and rotation the two centers, the voltage center or the magnetic 
of the projection and intermediate center. The discrepancy between centers must be 
lenses (b, c). estimated. 
The choice between the centers is dictated by the 

following considerations. Placing the voltage at the center of the screen eliminates the field 


Coefficients of field 
chromatic aberrations 
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chromatic aberration due to oscillations of the current in the objective, and in addition, 

the image moves along the screen during focusing. Alignment of the magnetic center elim- 
inates these shortcomings, but the drift of the voltage center will then give rise to a 

field chromatic aberration due to fluctuations in the accelerating voltage. Which of the 
discrepancies between the voltage and magnetic centers are tolerable and what is the nec- 
essary alignment accuracy? We must recall the formulas for field chromatic aberrations 


[8]. 


Ary —— V (Cm, + Cm; + Cm)” se (Co, sF Co; ap Co,)? Ry a , 


Rr eer) FeO ee 


(8) 


where the square root contains the coefficients of chromatic aberrations of magnification and 
rotation of the objective (0) of the intermediate lens (i), and of the projection lens (p). The 
values of these coefficients are shown in Figure 4. In formulas (8) Ry and R. are the dis- 
tances from the center of the screen to the voltage and magnetic centers (referred to the 
object), while A V/V and AI/I are the relative oscillations of the accelerating voltage and 
current. 

We note that the coefficient of chromatic aberration of magnification of the intermediate 
lens, shown in Figure 4, coincides with the corresponding coefficient of the projection aber- 
ration only when the intermediate lens operates with magnification. 

Having determined the coefficients of chromatic aberrations and knowing the oscillations 
of the accelerating voltage and current, we can calculate from formulas (8) the chromatic 
errors and thereby determine the permissible deviations of the magnetic and voltage centers 
Rj and R,- Tolerances for the discrepancy between the centers lie within several microns, 
depending on the required resolution, available stabilization, and magnitude and direction of 
the currents in the lenses. 
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BRIEF COMMUNICATIONS 


ON THE CALCULATION 


OF THE BANDWIDTH IN 
UHF TROPOSPHERIC SCATTER PROPAGATION 


A.V. Prosin 


In tropospheric-scatter UHF propagation, the field at the reception point is usually made 
up of a constant field and of a random field. Under these conditions, the frequency charac- 
teristic of the troposphere is a random function of the frequency and of the time. By band- 
width of the troposphere we shall mean that frequency band, within which the inhomogeneity 
of the random frequency characteristic of the troposphere will not exceed, with a stipulated 
degree of probability, some prescribed value. In the present communication we continue the 
work in reference [1] and determine the bandwith of the troposphere in the presence of a con- 
stant field and scattered field at the reception point. 

Assume that the amplitudes of the signals at frequencies f, and f, obey the generalized 
Rayleigh law 

ul pustup tue, —2ueitteeR 


Uj, 202 (1—R?) 


o(1—R) ° “ (1) 


co 
a Rujug Ug, — Ruog 3! Ucy — Ruy 
” > em! m | SEI llieyp o (1 — R?) us | tm | Set = 


m=0 


Wo (uj, U2) = 


where uy; and uy, as well as ug; and up, are the amplitudes of the summary and constant sig- 
nals at frequencies f; and Ay SEEN YC o* is the dispersion of the orthogonal components 
of the random field vector; R* = Rf3 + Ly ; Ryg and Ry, are the correlation coefficients of the 
orthogonal components of the random fie id vector; €)=1; €m = 2 when m> 0; Im is the Bes- 
sel function of m-th order of pure imaginary argument. We shall henceforth confine our- 
selves to the examination of the case Ug, = Ug, = Ug. 

Let us find the probability distribution function for the ratio of the two amplitudes, the 
distribution of which is described by Equation (1). For this purpose we first determine the 
probability density W, (u,, k,), where kj =u,/u;. The Jacobian of the transformation from 
the variables u;,, Uy to the new variables u;, k;, will be equal tou,;. Then the two-dimen- 


sional distribution function of the quantities u,; and k; will be 
Pa uy +k) ua 


ae 
Ree, oo egy oe TT ae (2) 
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inasmuch as 0 < uy < @ aa 0 < Uy <o@, we have 0< ky < m. 
From gona (2) we bean for the scattered UHF propagation 


ie u3 uy (+k}) Ras 
We (uy, nO 20? 1—R?) Io area |- (3) 
The expression (3) was derived in reference [1]. 

The one-dimensional distribution AUR of the quantity k, is 


Weaacg ky) 
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(4) 


To calculate (4) in the case when (2) is used, we expand the Bessel function in the following 
series: 


(ee) (0.5a) (7427) 
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where I is the gamma function. 
When (2) and (5) are used, the calculation of (4) reduces to the determination of the 


integrals 
r ( pv ) (a) é 
2 28 my Ue (Vv — ph 2 
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where ;F,; is the confluent hypergeometric function, or 


(ee) 
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2a 2 
Formulas (6) and (7) are used when two or three Bessel functions are used, respectively, 
in the expansion in (2). 
If (3) is used, the solution of (4) reduces to a determination of the integral 
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After calculating (4), we obtain 
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ge 


when (6) is used and 
co 0 CO © @,,2mtltn) pim+2k) 


eo ea Ta 
Wily) =201— Rye * YD DY > > —_ 


m=0 k=0 l=0 n=0 (10) 
T (2-2 -+ 2k 1 +n) hte ek ten) 
x P(m+k+1)P(m+144)P(m+n+1) (Hae ark oer i 
when (7) is used, where 


= rolGlaseatlss) 
Cia (AORN (11) 
uy 
"= De» (12) 


i.e., y” is the ratio of the power of the regular Signal to the power of the random signal. 
In the absence ofa DC component (uy = 0, y = 0, z= 0) we obtain from (9) or (10) 


AAW CEE Ne bipete e 
W, (Ia) = 2(1—R) >) Tay (13) 
OT? (k +A) (1+ ap)? 
or, using (8), we get 
2k, (1 — FR? 
Wy, (ky) = a 5: (14) 


i 2h \2 
(A +eye(i—e (7) | 
This last formula was derived in [1]. 
Let us determine the probability of an event wherein the ratios of the amplitudes 
ky = u,/uy< K or ky = u,/Uy < K, where K <1 is a prescribed amplitude ratio. It is obvious 
that the differential distribution functions of the quantities ky and k, are equal. Then, taking 
into account the incompatibility of the simultaneous appearance of ratios ky and ky, we ob- 
tain in accordance with the rule for the addition of incompatible,events 
Pi (k< K) =Bep{i< K or k<K}= 
K 


K K (15) 
es \ Wy (ky) dky + { W, (ks) dha = 2 \ Wy (k) dk. 


Substituting (10) in (15) and integrating, we get 
er, 2 CON CONN CO OO CO 
Pik K)=2(1—Re -®) >| » SI Sy > mn (— 1)8 at 149) »¢ 


m=0 k=0 l=0 n=0 s=0 (16) 
(m+k+n)1T (24+ 2m+2k+1+n)(14+m+k+1+s)7} 
kllinisIV (m +k +4) T (m +14 1)T (m+n+1) (m+k+2—S)! a 
a ee CaaS aN 


x R (m+ 2n) 
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For communication lines with long distances between intermediate stages, most fre- 
quently we have z < 1, corresponding, for example, toy < landR> 0.7. In this case 
expression (16) simplifies greatly and can be written 

2 


2 4— K? 
Py(k<K)=e -®) po Se oe (17) 
When y = 0 we obtain from (17) an expression for the case of scattered UHF propagation, 
which was derived in [1]. The figure shows the relation Py = (K) (17) for y = 0 and various 
Ra(Af), plotted on the basis of the data of [1]. According to [2], when z < 1 the connection 
between R and the frequency correlation coefficient of the 
signal amplitudes (which can be obtained by experiment) is An <ie.% 
given by the relation 50 


pg(AN RT RAD (18) 10 

where R,(A 10 is the signal-amplitude frequency correlation 50 
coefficient in the presence of a random field component at ~ ; 
the reception point. On the basis of [3], the quantity 25 

pth INGEN 10 

Ry (Af) = Rt = exp |— gy (ae) I, (19) 050 


where Af, is a certain effective bandwith of the troposphere Q257 
when directional antennas are used. The full expression for 
Af, and its dependence on various parameters are discussed 
in reference [4]. 

Let us consider as an example the determination of the bandwith of the troposphere for 
y =0. Itis stipulated that the inhomogeneity of the frequency characteristic not exceed 3 db 
within the band (K = 0.7) during 85% of the time. From the figure and from formula (19) we 

et 

. Af ~ 0.4 Afs. (20) 
When d = 300 km, Re = 8500 km, p=1, ny =2, a=1, andc =3% 10° km/sec (the symbols 
are all defined in [4]), the bandwidth a the troposphere is Af ~ 550 ke. 

From an analysis of (17), (20), and the figure it follows that the bandwith of the tropo- 
sphere increases with increasing effective band, intensity of the constant wave, and coeffi- 
cient of the frequency correlation. 
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ON THE SYNTHESIS OF AN 
ANTENNA WITH CIRCULAR APERTURE 


B.M. Minkovich, Yu.I. Davidchevskiy 


In the realization of directivity patterns of the "pencil" type, the principal role is played 
by antennas with circular apertures. So far, however, methods for the synthesis of the am- 
plitude distribution for a specified directivity pattern of a circular-aperture antenna have not 
been sufficiently well developed. We describe below a new method for the synthesis of such 
a distribution. 

From the point of view of the directivity pattern in one of the planes, a flat aperture can 
be replaced in the aperture method, by an equivalent linear antenna, the amplitude distribu- 
tion of which is determined by the shape and amplitude distribution of the antenna with the 
circular aperture [1]. For a circular aperture with symmetrical inphase amplitude distri- 
bution, the equivalent antenna is the same for all planes, and the amplitude distribution of 
this antenna can be determined from the following expression: 

V8 


Ae = \ A(p) dn, (1) 


i) 

where I, (£) is the amplitude distribution of the equivalent linear A(p) is the amplitude dis- 
tribution of an antenna with circular aperture; —, , — the reduced Cartesian coordinates in 
the aperture; p = Vé2+n2; , = VI — £2 is the equation of the envelope of the aperture (circle). 

At the present time the procedure for the synthesis of the amplitude distribution of linear 
antennas for a specified directivity pattern has been sufficiently fully developed in many 
papers, for exarnple in [2]. Therefore, in the case when I, (£) can be determined by starting 
from a specified three-dimensional directivity pattern of an antenna with round aperture, 
Equation (1) can be used to determine A(p). 

We shall henceforth assume I, (£) known. 

1. After making the change of variable £? + y? = t, Equation (1) becomes 

a 
2 Pp Vi Z F2 (2) 

Equation (2) is a particular case of the integral equations of the first kind, the Abel equation. 
As is well known [8], the Abel equation can be solved in general form. Using the ordinary 


procedure, we obtain the solution of equation (1) in the following form: 
1, 


2f (4) * J, (y) dy 
A(p)= oll Vi-p eos , (3) 


where p enters into the expression under the integral sign as a parameter. 

We note that formula (3) is valid for functions I, (£) which are symmetrical with respect 
to the axis £ = 0, even if the variable & is contained in I, (§) to an odd power. For example, 
for I, (£) =1— |& | the corresponding distribution is 


2 4 Jae ) 
A (e) = of In ( 0 + pe sat . 


The integral in turn in (3) drops out if I, (§) = const. Consequently, a distribution of the 
type I; (4) 

V1i—p? (4) 
produces in a circular aperture an effective uniform distribution, i.e., the directivity pat- 
tern of a round-aperture antenna with amplitude distribution given by (4) coincides with the 
directivity pattern of a linear antenna with uniform distribution. 

The term outside the integral sign in (3) differs from zero only when I; () has at€é=1la 
"pedestal," i.e., 1,(1)#0. Thus, expression (3) makes it possible to calculate easily the 
amplitude distributions of antennas with round aperture, analogous to the distributions of 


linear antennas. ' seein. 
2. Let us calculate by the method described above the quasi-optimal distribution of an 
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antenna with round aperture. The expression for the quasi-optimal distribution of the equiva- 
lent linear antenna will be taken in the form proposed in reference [4]. Then, using in (3) the 
representation of I, (¢ ) from reference [4], we obtain an expression for the quasi-optimal 
distribution of an antenna with round aperture 


A (p) 93 
A(0) ~BshB—chB+ i “1 a 


where 6 determines the level of the side lobes (cosh 8 is the relative level of the side lobes 
of the optimal antenna); 
sh y — ck 1 
Ay) = it ; (6) 

A plot of the function A, (y) is shown in Fig. 1. epi & 

The function A; (y) is actually a nonnormalized quasi-optimal amplitude distribution, 
but the abscissas represent not p, but a quantity y, determined by 6 andp. Part of the plot 
located to the left of the value y = 8 represents the amplitude dis- 


tribution of an antenna with circular aperture, which tends to o as (P). 
p approaches unity (y > 0). 14 
A,(y) 12 
5 10 
4 08 
3 06 
2h 
04 
1 
Q2 
VS) Cee SG ae 


SS 
0 i a a5 a5 p 
Fig. 1 Fig. 2 


In Fig. 2, curves 1, 2, and 3 are the normalized values of the amplitude distribution as 
functions of p for three values of 8, namely 3, 4.2 and 5.3, respectively. These values 
yield for an optimal antenna a side-lobe level of 20, 30.4 and 40 db or a level 6 db smaller 
for the quasi-optimal antenna. The curves of Fig. 2 extend to p = 0. 99; in the interval from 
0.99 to 1, A(p) increases to infinity. A calculation of the curves after plotting A, (vy) reduces 
to breaking up the scale of y for different values of 8. These curves are similar to those 
from reference [5], with the exception, naturally, of the values on the edge. Although the 
quasi-optimal distribution of a circular-aperture antenna has an infinite value on the edge, 
and this cannot be realized in practice, the influence of this on the directivity pattern can be 
estimated. 

The method described above enables us to interrelate linear antennas and antennas with 
circular apertures; distributions "characteristic" of linear antennas can be applied to those 
with circular apertures, and conversely, expression (1) makes it possible to apply to linear 
antennas the amplitude distributions corresponding to the directivity patterns that are "'char- 
acteristic" of antennas with circular aperture. 

We note that formula (3) is valid also for out of phase symmetrical amplitude-phase 
distributions. 
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TRANSIENTS IN A TWO-CIRCUIT PARAMETRIC AMPLIFIER 


Yu.A. Il'inskiy, and M.D. Karasev 


1. Analysis of Transients 


The stationary modes of a two-circuit parametric amplifier was considered by Manly 
and Rowe, by Heffner and Wade, and by others [1 — 5]. In these papers, use was made of 
the energy relations derived by Manly and Rowe [1], and the principle of harmonic balance 
under small-signal conditions was used for a more detailed analysis. 

In the present paper we consider transients in a parametric amplifier under the assump- 
tion of a small signal, i.e., the settling of the oscillations and the operation of an amplifier 
in response to a pulse signal. f 

Certain two-circuit parametric amplifiers are shown in Fig. 1. These are systems with 
two degrees of freedom and one periodically varying reactance element. 


Fig. 1. Diagrams of two-circuit parametric amplifiers. 


Using suitable coordinates (see Fig. 1) we can write the equations for such systems in 
the form 


w+ w3r; = ju (— 2640; + aGf (Wt) (wr + a2) + 4). (1) 
Here i=1, 2 is an index pertaining to the first or second loop; e; is the external voltage; 

€, = 0; wis a small parameter; 5 is the damping in loop i; f is a periodic function with period 
27; wis the frequency of variation of the parameter. 
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As follows from the form of Equation (1), the damping of the resonant circuits and the 
depth of modulation of the reactive coupling are assumed to be small. Thus, the Q of the 
circuits is assumed large and the parametric coupling between circuits is assumed weak. 
Then the oscillations in the system will be close to harmonic. As regards the constant 
coupling between the circuit, it may also be large; in this case it is sufficient to change over 
to the normal coordinates of a system that differs from the initial system in that the active 
resistances and the parametric couplings are eliminated. In this case one obtains equations 
that are somewhat more complicated than (1), but the abbreviated equations of the new sys- 
tem are of the same form as the abbreviated equations of system (1). 

Equations (1) can be solved by one of the quasi-linear methods. The most convenient is 
the averaging method [6]. To employ this method it is first necessary to reduce Equation (1) 
to standard form. 

Let us consider first the case of the so-called inverting modulator [5], i.e., let 
w ~wW,+W,. To reduce the equations to standard form, we first assume, as is customary, 


jo 4! — jw jt 


; 
+ Z_,e 


v 


; 
m, = Ze 


‘3 
: y , jw jt , —jo A 
2, = ja, (Ze —— Dane ie 


i=1or 2; Z'j = Z!j* are complex amplitudes. 


Let ej = Eje!Pt a E_je Pt, where E, = E; Ey, = 0; p is the frequency of the external force 
(p ~W,); Eis the slowly varying complex amplitude of the external voltage. We put uA; =p — 
— W1, UA, = (W— p) — we, and introduce a change in the complex amplitudes 
Z'4 = Zje! Ait. We then obtain the standard equations 
for Z,;. Averaging of the right halves of the resultant 
t equations yields the symbolic equations , 


; me pict jou - 
Ly =U ie (6, a 7Ax SP a) 2 any oe 4-2 a = ‘ 


“Bed, 


(2) 


Fig. 2. Characteristic roots in hog jan 
the case of optimal tuning. Z2 = u{ (6. jAs re Vag n= a} ; 


where fp, f,, and f_; are the Fourier coefficients of f (wt); 
k=-+0o 


{ (ot) = » fiche: 


k=—oo 


We shall assume that fy = 0, so that we can introduce A'j = Aj + ity and thus take into account 
Zz Ws 
the detuning due to the constant component of the coupling. The solution of the linear equations 


(2) with constant coefficients can be readily found for any external voltage E and for all initial 


12)| 


Fig. 3. Settling of the amplitude in the first (a) 
and second (b) circuits. 


conditions. Thus, we can find the transient mode, i.e., the establishment of the oscillations 
in the system when E = const and under the zero conditions Zi(0) [i.e., xi(0) =x; (0)]. The 
equations are in matrix form 


Z=AZ+B, 


sa(@). vandka('). 
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The solution, satisfying the initial conditions Z(0) = 0, is [7] 


l 
1 V9 Biya (3) 
al 


where Y;,» are the characteristic numbers of the matrix 
= (81 + 741) ae Pale 


20, 


=U : 
]Aof1 : 
\ “Dey — (62 — 7A2) 


When t > oo, we obtain a stationary solution that coincides, for example, with those published 
in [38]. 
Solution (3) can be written in more detailed form 


Bp 61+ fAr+ As b+ 7Ai+% 
Z,= Th - i T a fud etal) ae aoa a eros gm'| 
Para ho — WK \, 2 p 
71 (Az — Ay) Ma oe) (4) 
7%) E JOof_1 [! eens A eb Aat 
~  27@1(Ag— Ay) 202 M ho ; 
We recognize that 
pee, jo;t juAgt , ; 
“= Ze e + complex conj, = 2{|Z,| cos [(@,+A,;) t + arg Z,]. 


Here |Zj| and argZ; are the slowly varying amplitude and phase of the oscillations with fre- 
quency j + wAj, i.e., p and w—p. 

The following can be concluded from equations (3) and (4): 

1) In a two-circuit parametric amplifier, the settling time does not depend on the rela- 
tion between the phase of the suddenly applied signal and the phase of the pulsations of the 
parameter. The phase of the oscillations in 
the first circuit is also independent of the phase 
of the parameter pulsations, and the phase of 
the oscillations in the second circuit is made up 
of the phases of the input signal and the 


parameter. 
2) Under optimum tuning (A; = A», = 0) the 
characteristic roots A;,2 are real and equal to Fig. 4. Block diagram of experimental 
setup: 
haw — 4 [rt dye Yi 6 +22 AP |. f 2 
1 — Signal generator; 2 — modulator; 

When f; = 0 (there is no change in parameter) 3 — parametric amplifier; 4 — oscillo- 
they are naturally equal to — 5, and — §2, and graph; 5 — pumping generator. 


as |f,| increases, they diverge symmetrically 

with respect to the center of the segment (— 62, 61) (see Fig. 2). When the root with the 
smallest absolute value reaches zero, the system becomes self-excited. When this root de- 
creases in absolute value, the duration of the transient increases (~1/—A ). As follows 
from (4), the transient process in the case when A; = A, = 0 is the sum of two exponentials 
in the first circuit and the difference of two exponentials in the second circuit; with this 

dz 


2 0 =(. The transient has accordingly the form shown in Fig. 3a for the first circuit 
and in Fig. 3b for the second circuit. As regards the duration of the transient, it is deter- 
mined, in the case of large regeneration, by the characteristic number having the smallest 
absolute value, and is proportional to the voltage gain. 

3) If one of the circuits is detuned (A; or A, ~ 0), then Im Aj, * 0 and the transient 
contains damped oscillations (see Fig. 3). If with this Ay + A) = 0, i.e., only the external 
signal is detuned, then the frequency of these oscillations is equal to the detuning A, of the 
external signal. On the other hand, if A; = 0 but A, #0, the pumping frequency is detuned, 
then the oscillation frequency in the transient process is less than the detuning, and is much 
less if 5) > 54, as usually takes place. 

Analogous formulas can be obtained also for a noninverting modulator from the equations 

_ (21 
for Z = ( Z:) 
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2. EXPERIMENT 


We observed experimentally the transient processes in a balanced parametric-amplifier 
circuit where the first circuit had a frequency of 100 ke and the second a frequency of ap- 
proximately 400 ke (Fig. 4). 

The periodically varying capacitances were diodes DGTs-25, DGTs-27 and D-809. 

The use of a balanced circuit and of partial con- 
nection of the resonant circuits made it possible to 
get rid of the amplifier-circuit pumping voltage and 
of the harmonics of this voltage (which are brought 
about by the presence of a nonlinear capacitance in 
this circuit) without using additional filters. 

Fig. 5 shows oscillograms of the voltages on the 
first and second circuits of a parametric amplifier; 
the time markers are spaced 100 microseconds 
apart. ‘ 

Detuning produces damped oscillations in the 
transient. Their frequency is equal to the detuning 
if the input signal frequency is varied, and is less 
than that value (in our experiment by approximately 
a factor of 10) if the pumping generator or the second 
circuit are detuned. 

The duration of the transient increases approxi- 
mately in proportion to the voltage gain. 
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SIMULATION AND CALCULATION OF TRAJECTORIES OF 


RELATIVIVISTIC CHARGED PARTICLES IN 
ELECTROSTATIC FIELDS 


A.M. Strashkevich 


2 


As is well known, one of the clearest and most general methods of finding trajectories 
of nonrelativistic particles in an electrostatic field is the method of gravitational models. 
We have demonstrated [1, 2] that this model can be extended also to include the relativistic 
case, for which purpose the relief should be made not in accordance with the potential @ (as 
in the nonrelativistic case), but in accordance with the so-called effective potential *. For 
@* we have the following expression 


. 1 ed? 
Ci ee ap (1) 
where e is the algebraic value of the charge, c = 3 x 10! cm/sec, and My is the rest mass. 
Although the trajectories of a relativistic particle in a field with potential 6 and of a non- 
relativistic particle in a field with potential @* (the motion of the latter is the one simulated 
in the proposed method) are the same, nevertheless, as indicated in [1, 2]) the variation of 
the velocities on these trajectories is different. Yet it is possible to obtain a simple relation 
between these velocities, a relation which can be used in the investigation of the motion of a 
relativistic particle by the method of effective potential, or by experimental methods based 
on the method of effective potential. 

We denote by vy and vy the velocity of a relativistic particle (with mass m) and a non- 
relativistic particle (with mass mp) on identical trajectories (those of the relativistic parti- 
cle in a field with potential @, and of the nonrelativistic particle in a field with potential @*) 
and write accordingly the energy equations for these particles in the following fashion: 


pinch ib iano (2) 


on 
> + e@* = 0. (3) 


2 
p 
7) 


—1/2 
We put, as is customary, € = } = qa; from (2) we get 


ep 
moc? * 


(4) 


== Tee 


In addition, we obtain from (2) the following expression for vy: 


eV —e® (2m,c2? — eD) 
aD a myc” — eD id (5) 
From (2) and (1) it follows that 
— 2nrgce? — eD 
Oe v - a — ) (6) 
From (4), (5), and (6) we get 
Core, Oye Se OU (7) 


Consequently, the particles have the same value of momentum at the corresponding 
points of the identical trajectories considered here: 


MY = My, (8) 
Therefore, by photographing, for example, in intermittent light, a ball whose motion 
simulates the motion of a particle with mass my and velocity vy in a field with potential Gy 
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we can determine the law of variation of the momentum of a relativistic charge particle in a 
field with potential ©; if it is desired to know the velocity v,;, we must divide the value of vp 
by a, calculated from (4). 

The same result can be obtained from the equations given in reference [3], in which the 
"time parameter" method is used to determine the trajectories of the relativistic particle. 


; 


The gist of the method is that a certain parameter T is introduced with the aid of the equation 


dt =m (9) 


Te abs, § 


so that the relativistic equations of motion can be reduced to nonrelativistic ones (in form), 
but with the field intensity changed by a factor_a. In fact, the equation of motion 


(raat Z (10) 
dt 


changes upon substitution of t from (9) into 
my tt = cal. (11) 

From (9) we obtain our equation (7) if we recognize that T is not simply a mathematical 
parameter introduced to transform the equations, but a parameter which has a well-defined 
physical meaning (something disregarded in [3]), namely that T is the time of motion of a 
nonrelativistic particle in the field of the effective potential @*. In fact, differentiating (1), 
we get 

grad ©* = a grad O; (12) 
Therefore, on going from an analysis of the motion of a particle with variable mass m in a 
field @ to an analysis of the motion of a particle with constant mass my ina field @* (which 
indeed is the gist of the effective potential method, first proposed by Boguslavskiy [4]), we 
obtain equations identical with those obtained by the method of time parameter. Writing the 
main equation of this method (9) in the form 


ddl _y (13) 


in Ge 


we arrive at our formula (7). 
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TWO-ANODE ELECTRON GUN FOR 
ELECTRONIC MICROWAVE DEVICES 


Yu.V. Troitskiy 


| 4 In the present communication we consider a two-anode electron gun, which produces an 
axially symmetrical electron beam emerging from the gun parallel to the axis and capable of 
being either greater or smaller than the cathode diameter. The geometry of the gun is shown 
schematically in Fig. 1. The focusing electrode F, located near the cathode K, has such a 


Fig. 1 


shape and such a potential, that the electrons leaving the cathode move parallel to the axis 
(as in the Pierce gun with parallel beam [1]). The beam formed in this region passes through 
apertures in the first and second anodes, which are at potentials U, and U,. 

In the case shown in Fig. 1a, the aperture in the first anode acts as a diverging lens, 
while the aperture of the second anode acts as a converging lens; in Fig. 1b the roles of the 
anodes are interchanged. 

The sign of each anode lens depends on the electric field before and after the lens. Since 
it is assumed that the field is accelerating between the cathode and the first anode, and equal 
to zero between the first and second anodes, the sign of the lens is uniquely determined by the 
ratio of the anode potentials. By changing the anode potentials we can set the focal distance 

of the converging and diverging lenses in such a way, 


B=2,/2, ale that the electron trajectories are parallel to the axis 
6 171 {\30 directly behind the second anode. This is a case 
favorable for further focusing of the beam by means 
“s 25 of a longitudinal magnetic field; the magnetic field 


should then be applied to the beam at the point where 
the electrons have no radial velocities, i.e., immedi- 
20 ately behind the plane of the second anode. 

A calculation of the parameters of this gun was 
made under the simplifying assumption that the mutual 
repulsion between electrons can be neglected in the re- 
gion between the cathode and the first anode the poten- 
10 tial increases in the same manner as in a plane diode 

with current limited by space charge; in the region be- 
tween the anodes, the potential varies linearly with 


; a distance; the potential of the space behind the second 
anode is equal to the potential of this anode. The 

0 ; = LO beam was assumed to be paraxial, and the focal dis- 

FS athe tances of the anode apertures were calculated by the 


formula of Davisson and Kalbick [formula (7.12) of 
reference [1] ]. 

The initial data for the calculation of the gun can be considered to be the following: the 
radius of the beam ry and the plane of the second anode, the beam current Ip, the potential U; 
on the second anode (which determines the velocity of the electrons after leaving the gun). 
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The design of the gun reduces to a determination of the distances z, and z) (Fig. 1), the 
radius of the cathode rx, and the potential of the first anode U;. 

On the basis of the assumptions made and using formulas (7.12), (7.21) and (7. 22) of 
[1], we can obtain by purely algebraic means the following formulas for the radius rp and for 
the slope of the trajectories (dr /dz) of the boundary electrons of the beam after passing 
through the plane of the second anode: 


4 2 
a—i1—>3 
rs il = ee |. 
2(a¥? + 4) (1) 


“dr Ure P to 9 ) 
3/2 ¢ 1/2 Dimple ales = 
(< ib = are ( 34 30 — 3a? + 3— 48a'? + 5-8]. (2) 


Here we put a= U,/U;; B= Zo/Zt« , 
We impose the condition (dr /dz) =0. This gives a relationship between a and f, valid 
when Z) ~0: 


Za 9. Waal? 21 (3) 
24 =—p= 4 35/2 _ 4 


To Equations (1) and (3) we must add the connection between the current and the voltage in a 
plane diode, part of which is the region between the cathode and the first anode. On the basis 
of these three formulas we can determine from the specified values of Ip, rp, and U, the un- 
known values 21, Z), U, andr, Since the number of unknowns is greater than the number 
of equations, one of these unknowns must be specified, for example r, (which determines the 
density of the current on the cathode). 

Fig. 2 shows the variation of 8 and ro/Tk with a, obtained from formulas (1) and (38). 
For one and the same value of Za Los the gun can be both diverging (a@ < 1, ro/rK >1), or con- 
verging (a >1, r)/Tk <1). It should be noted that the assumptions made in the derivation of 
the formulas become meaningless near the point 8 = 0, when z, is small (on the order of the 
diameter of the apertures in the andoes) the region between anodes cannot be regarded as a 
combination of two thin lenses with a region of constant gradient. 

A more exact calculation of the trajectories of the electrons between the anodes, with al- 
lowance for space charge, is given in reference [2]. The described gun construction is used 
in a low-noise traveling-wave tube for the 10 cm band with magnetically limited beam [3]. It 
should be noted that formula (35) in [3] differs from formula (3) of the present article, since 
it is derived without account of the focusing properties of the constant-field region between 
the anodes. 

The formulas obtained were experimentally verified with a gun having z,; = 2.4 mm, 

Zo =1.75 mm, andrk =0.65 mm. This verification was carried out with the aid of a special 
instrument, described in [4]. Measurements carried out at U; = 200 v have shown that the 
slope of the trajectories after leaving the second anode, at U», greater than U;, vanishes for 
two values of a, 3.2 and 5. The first value is close to a = 2.9, a quantity obtained by calcu- 
lation with the aid of formula (3). The second figure, a = 5, cannot be obtained from the 
formula and is apparently connected with the spreading of the beam under the influence of the 
space charge in the region between the anodes. 

Calculation by means of formula (2) for a = 5 shows that in the absence of space charge 
the beam should converge after leaving the gun. The mutual repulsion of the electrons in the 
beam in the space between the anodes reduces the angle of convergence and leads to the for- 
mation of a "neck" immediately behind the second anode. 

The type of electron guns considered can be used in traveling wave and backward wave 
tubes and they are alike if it is necessary to obtain an electron beam parallel to the axis with 
small conductivity and with a diameter somewhat smaller or somewhat greater than the diam- 
eter of the cathode. 
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DISTRIBUTION OF IMPURITIES IN THE REGION OF 
A WELDED CONTRACT ON GALLIUM ARSENIDE 


S.N. Ivanov 


Much attention is being paid at present to investigations of the properties of gallium- 
arsenide diodes with welded contact [1, 2]. In the present investigation we study the char- 
acter of the distribution of impurities in the region of the rectifying contact, using a mate- 
rial having varying specific resistivity. The method used for the investigation involves the 
measurement of the dependence of the contact capacitance C on the reverse bias in the mi- 
crowave range. 

The diodes were made of gallium arsenide of n-type with resistivity p = 0.006 and 0. 04 


ohm-cm. The concentration of the majority carriers and the Hall mobility, obtained from 
measurements of the Hall constant and the spe- 
Table cific resistivity, are listed in the table. To 
prepare the diodes, plates measuring 1.7 x 1.7 
x 0.5 mm were cut. The etching was in a mix- 
ture of alkali and hydrogen peroxide [3]. A 
e : rectifying contact of small area was obtained in 
n, emz® the following fashion. An alloy of 9% Zn + Sn 
was electrolytically deposited on a sharpened 
H, om?/sec-v copper or silver nice (diameter of point about 
5 microns), the point brought in contact with 
the crystal, and the welding effected by passage of a current pulse 0. 25 — 0.5 amp for 10 mil- 
liseconds in the forward direction. 
An investigation of the static volt-ampere characteristics has shown that the dependence 
of the current I on the applied voltage U (in forward bias) has the form I ~e@U, where 
a ~ 30v-!. To determine the law governing the distribution of impurities in the rectifying 
contact, we measured the contact capacitance C at frequencies w= 2 x 1010 and 6 x 1029 sec-!, 
in accordance with the procedure of reference [4]. From the data obtained (see Figs. 1 and 2) 
it follows that the er pendence of the capacitance C on the reverse bias Urey has the form 
C ~ (ce + Urey) ~'/", where 9, ~1v. For diodes made of a material with g = 0.04 ohm-cm. 
we have n ~ 3; this dependence is characteristic of nearly linear distribution of the impurities 
in the region of the rectifying contact. 
For diodes made of the material with vy = 0.006 ohm-cm, we have n = 2, showing an 
abrupt distribution of the impurities in the rectifying-contact region. The character of the 
dependence of the capacitance on the inverse bias was determined in our experiments only by 
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the initial specific resistivity of the material and was independent of the material of the con- 
tact wire (copper or silver). 

The presence of linear distribution of impurities in the region of the rectifying contact 
for diodes made of a material with p = 0.04 ohm-cm indicates that the welding is accompa- 
nied apparently by irreversible changes in the concentration of the impurities and defects in 
the small region near the contact. This 
can be connected either with impurity 1/c2, upt-2 
diffusion processes, or with formation 50 3 * 
of acceptor centers, owing to the large 
pressure of the point against the surface 
of the crystal and the high temperature. 

To verify the last assumption, we 


1/c3, upt-3 
"St 


2 


9 1 ZU, volts | 0 ’ U, volts 
Fig. 1. Dependence of 1/C3 on the in- Fig. 2. Dependence of 1/C? on the in- 
verse bias for diodes made of material verse bias for diodes made of material 
with p = 0.04 ohm-cm (1 — copper point, with p = 0.006 ohm-cm (1 and 2, points 
2 — silver point) of silver, 3 — copper point) 


carried out the following experiment. Samples of gallium arsenide with p = 0.04 ohm-cm, 
measuring 10 x 2 x 2 mm, were heated for one minute in a graphite holder with current, to a 
temperature of 700 — 800°C. A comparison of the measured Hall constant and resistivity 
before and after heating has shown that the resistivity and the Hall constant increase approxi- 
mately by a factor of two. The Hall mobility does not change in this case. Analogous results 
of the influence of heat-treatment on resistivity of gallium arsenide are given in [5, 6]. Thus, 
heating of the material during the welding process can lead to an increase in the resistivity 
and to a change in the concentration of the impurities under the contact. 

When a material with p = 0.006 ohm-cm is used, the change in concentration of impuri- 
ties and defects under the contact is small compared with the initial concentration of the im- 
purities in the material, and a rectifying contact with abrupt distribution of impurities is 
obtained. 
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THERMIONIC PROPERTIES OF CARBIDES OF 


HAFNIUM AND NIOBIUM AND OF 
BORIDES OF SCANDIUM AND THULIUM 


V.S. Fomenko 


To find new cathode materials, the emission and electric properties of various refrac- 
tory compounds are presently under investigation, in particular, borides and carbides of rare 
and rare-earth metals [1 — 6]. 

In the present communication we describe investigations of the emission properties of 
scandium diboride, thulium hexaboride with small impurity of its tetraboride, and carbides 
of hafnium and niobium, on which there are no data in the literature. 

Compounds for the investigation were obtained by procedures described in reference 
[7, 8]. 

Measurements were carried out by the procedure described in [5], using the method of 
Richardson curves in directly heated diodes with guard rings. The cathode was tantalum, 
tungsten, or molybdenum wire 0.3 mm in diameter, which served as the core. The wire was 
coated with a suspension of tantalum, tungsten, or molybdenum powder respectively, in a 
nitrobinder, to produce a rough cathode. The investigated substance was deposited on top of 
this in the form of a paste made of powder diluted in nitrobinder. The thickness of the fin- 
ished cathode was 0.8 — 1.2 mm. 

The cathode was calcined (thereby sintering the paste to the core) in an evacuated and 
outgassed tube. The calcining was at 700°K and about 10-5 mm Hg. 

The cathode temperature was measured with a pyrometer through a special hole in the 
anode, a correction being made for the radiation of the material. The radiation coefficients 
of the compounds used in the investigation are listed in [9]. 

For thulium boride, an X-ray diffraction analysis was made of the initial substance and 
of the substance removed from the core of the cathode after measuring the thermionic emis- 
sion characteristics. A comparison of these X-ray patterns has shown that no phase trans- 
formations take place after calcining of the material, disagreeing with the data given by the 
authors of reference [5] for analogous cases. 

The results of the measurements are listed in fe table. 


Table 


Density of emission 
current at 
temperature 400°K, 

amp/cm?2 


Temperature interval 
A, amp/cm? deg? of measurement, 
degrees K 


2.29 + 0. 08 1100—1600 

0.6+0.9 1100—1800 
2.03 + 0.2 1100—1400 
2.23 + 0. 04 1200—1400 


It should be noted that the same values of ¢ and A was obtained for cathodes deposited on 
different cores, this being due to the considerable thickness of the layer of the investigated 


material. 
The low work function of the thulium boride can be attributed to the fact that the thermionic 


effect is masked here by 8 decay, and, consequently, the determination of the true work func- 
tion of thulium boride is difficult, and perhaps impossible. 
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CHRONICLE 


JOINT SEMINAR ON CATHODE ELECTRONICS 
(NINETEENTH SESSION) 


A.A. Yasnopol'skaya, R.P. Vikhlyayeva, T.M. Yekimenko 


Eight papers were delivered to the nineteenth session of the Joint Seminar on Cathode 
Electronics, held on April 3, 1961 at the Institute of Radio Engineering and Electronics of 
the USSR Academy of Sciences. 

N. D. Morgulis considered in his paper "The Problem of Direct Transformation of Heat 
into Electricity" the presently investigated new methods of effective conversion of heat into 
electricity, involving the use of principles of the physics of electronic phenomena in vacuum, 
gases, and solids. Such inversion methods can be either direct, such as thermoelectric or 
thermoelectronic, or semiindirect, suchas magnetogasdynamic. The author considers 
the physical operating principles of such converters, the present status of their research and 
of the developed experimental models of such apparatus, as well as their possible applica- 
tions to generation of electric power. 

A paper ''Certain Research on Cold Magnesium-Oxide Cathodes with Self-Maintaining 
Emission, '' written by a group of authors (N. Ya. Basalayeva, M.I. Yelinson,D. V. Zernov, 
T. M. Yekimenko, Ya. S. Savitskaya, A. A. Yasnopol'skaya), was delivered by M.I. Yelinson, 
The authors carried out several investigations of magnesium-oxide cathodes in order to as- 
certain the physical mechanism of their emission and to improve their working parameters; 
the technology of producing magnesium-oxide cathodes with the use of sputtering and cata- 
phoresis methods was developed in detail; the thicknesses of the coatings were varied, and 
the granulometric composition, porosity, and roughness were determined. 

It has been found that there exists an optimum amount of oxygen introduced into the mag- 
nesium-oxide layer. It has been established that the formation of an intermediate NiO layer 
between the core and the MgO layer is of no importance. It has been shown that the presence 
of oxygen is in principle essential, but its function is not merely to oxidize the remaining im- 
purities. A reversible temperature dependence was established for the self-maintaining 
emission at the temperatures up to 400°C. The maximum of emission corresponds to a tem- 
perature of about 300°C. The presence of temperature-dependent irreversible changes in 
emission was also established. One of the causes of such changes is migration and removal 
of the oxygen. The tendency of the volt-ampere characteristics to display saturation is due 
to the effect of the temperature. 

The time behavior of the emission was investigated. It was ascertained that the emis- 
sion formation time exceeds 0.05 second and decreases with increasing emission current and 
with increasing starter-filament current. 

The authors have established that self-maintaining emission depends on the magnetic 
field established parallel to the electric field in the magnesium-oxide layer. The minimum 
thickness of the layer at which it is possible to excite self-maintaining emission was 
determined. 

The physical mechanism of emission is attributed to impact ionization in the grains of 
magnesium oxide, produced by the electrons accelerated in the pores, by hole conductivity 
through the grains of the magnesium oxide, due to the presence of oxygen which acts as an 
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acceptor for the electrons formed during impact ionization, thus causing bending of the en- 
ergy bands in the grains of the magnesium oxide and activation of the hole conductivity. 

P. V. Timofeyev, N. D. Morgulis, and B. P. Nikonov participated in the discussions fol- 
lowing the paper. 

In a paper ‘Investigation of the Interaction Between Molecules and the Surface of a Solid 
by the Molecular Beam Method' V.B. Leonas described a method of obtaining intense molecu- 
lar beams and the results of research on their properties before and after their collide with 
the surface. 

D. M. Mambetov delivered a paper ''On one Form of Emission of Negatively Charged 
Particles from the Surface of a Dielectric Film on a Metal Substrate." In the investigation of 
o-radiation from uranium, the author and V. V. Cherdyntsev observed a large number of 'ex- 
traneous' pulses, decreasing to zero after a certain time. A detailed investigation has shown 
that the reason for the occurrence of the pulses is a thin layer of sodium bisulfate on a metallic 
substrate. The paper contains a description of the a-counting apparatus used to investigate 


the described phenomena. The author has advanced several ‘hypotheses to explain the observed 


phenomena. 

In the discussions, V. B. Sandomirskiy and G. N. Shuppe noted that the data observed are 
insufficient to explain the mechanism of emission. 

A paper "Interaction Between Barium Oxide and Tungsten in Vacuum!’ was delivered by 
B. P. Nikonov and O.M. Poltorak. The lecturers analyzed the possible reactions in a BaO-W 
system by comparing the pressure of oxygen in equilibrium with each of these substances in 
different states and at different temperatures, using the chemical-potential method. The 
analysis has shown that under no conditions can the pressure of the oxygen in equilibrium with 
the tungsten be less than in equilibrium with barium. The authors state that high vacuum is 


characterized by a state of dynamic equilibrium, in which Pia = 2P, » where Pha is the 
2 


pressure of the barium vapor, and P,. is the pressure of oxygen. Under these conditions the 


O 
tungsten can be oxidized and lead to fortiation of nonstoichiometric oxides and their com- 
pounds with oxide of barium. 

V. P. Kirsanov reported on the influence of molecular impurities on the work of the 
cathode of a zirconium lamp. Arc lamps with zirconium cathodes, being "point'' sources of 
light, are lamps of the electrode-glow type. In the operation of these lamps it was observed 
that the brightness and the dimensions of the spot depend on the molecular gases present in 
the tube. The author has proposed an approximate method of calculating the size of the light 
spot. 

A paper 'Concerning Bombardment of Barium-Oxide Films on Metallic Substrates at 
High Bombarding-Electron Energies' was delivered by P. V. Poshekhonov and Yu. V. 
Moskvichev. The authors made a mass-spectrometric analysis of the gases released during 
electron bombardment of molybdenum targets, coated with products of evaporation of the 
oxide cathode. 

A.V. Druzhinin delivered a paper 'On the Nature of the Emitting Surface of Metal- Film 
Cathodes.' Electron-optical investigations of a L-type cathode, pressed tungstate cathode, 
and impregnated aluminate cathode has shown that their surface consists of an aggregate of 
highly emitting spots against a background of weakly-emitting surface with a work function of 
about 2.7 ev. The author proposes that the surface of the metal-film cathode of the normal 
activity is coated with a film of barium with a concentration less than optimal, and the ob- 
served bright spots are the consequence of the increase in concentration at the place where 
the barium emerges to the surface or a result of the "showing through" of the productive face 
under the layer of the barium. 


A. A. Yasnopol'skaya, R. P. Vikhlyayeva, T. M. Ekimenko 


1252 


; 
; 


Eee ©. a 


beni = lap os eto ms a 


ae (GS - 


ative ae 


Rog liy & +4 4 
Soe (Cyr 
ann oouylitr 
: a PETES 9 3T 1) 
Ya ’ 
ee i ee 
» oad er ta) dsb 


uf bimniasinn af P 
tal Aoheergae. © 


» a hevrred 
‘ cre tel leg? ad 
4 "% erin 


7 7 
ae st i pesaia we 
—— hens ms 40@ hel the 


Fide wae « Veoons* = alive : 

° poondtls —— 

1 oil Get Ned ited ew 

. ~~ oanntal<¢ — 

re J ter ae ahee 
— a, » @& i’ Cat gh. 

»@ of @ S ye 4 

2 hy a hg 

con Tipe ; 

a re ee caites ” 


=—/ Ves ge Ge 
ma | 


ny ep Heat 
® é ee on 
Sa¢ «2 tab ¢ sea 
-  (InGwts g 
= 
— 


RADIO ENGINEERING AND ELECTRONIC PHYSICS 


Institute of Radio Engineering and Electronic Physics, 
Academy of Sciences of the USSR 


EDITORIAL BOARD 


Editor-in-Chief; V.A. Kotel'nikov 
a Associate Editors: D.V. Zernov, Yu.B. Kobzarev 


L.N. Dobretsov 


A.I. Berg ANG acanteey A.M. Prokhorov 
BA Wrotedity 5.0. Kalaanntgo SM: ton 
Vv L Granovskiy Pee Daa Ya N Fel'd 
Tey Zhekulin NTS iS) E Khaykin 
ND. D tk A.L. Mikaelyan B M T 

.D. Devyatkov AOM Pistolikers .M. Tsarev 


Scientific Secretary of Editorial Board: G.A. Bernashevskiy 


The English Edition of Radio Engineering and Electronic Physics is mailed to 
subscribers within 18 weeks after the publication of the original Russian issue. 


Russian electronic journals published by the 
American Institute of Electrical Engineers 
Translated by Royer and Roger, Inc. 


Subscription rates 
Individuals Libraries 
$ £ $ £ 
28.50 10 Oe OOmma 0 
14.25 6) Akon) iG) 
14.25 5 28.50 10 


é 


Radio Engineering and Electronic Physics 
Radio Engineering 
Telecommunications 


Royer and Roger translates and produces 
the following Russian scientific journals: 


Biophysics Problems of Oncology 
Entomological Review Radio Engineering 
Geochemistry Radio Engineering and 


Geodesy and Cartography 

Izvestiya, Academy of 
Sciences of the USSR, 
Geologic Series 

Pavlov Journal of Higher 
Nervous Activity 


Electronic Physics 
Refractories 
Sechenow Physiological 
Journal of the USSR 
Soil Science 
Telecommunications 


Comments and inquiries regarding Radio Engineering and Electronic Physics and other 
translation journals should be sent to: 


International Division ~ 
Royer and Roger, Inc. 


41 East 28th Street 


1000 Vermont Avenue, N.W. 
New York 16, New York 


Washington 5, D.C. 


RADIO ENGINEERING AND ELECTRONIC PHYSICS 


PAJMOTEXHAKA WM 3/ERKTPOHMKA 


NUMBER _ 8 
CONTENTS 
N.A. Armand and B.A. Vvedenskiy, Allowance for Antenna Directivity Pattern in 
the Calculation of Radio Wave Diffraction around the Earth...............- 


P. Ye. Kubasov, Investigation of Space-Time Correlations of the Field Level of 
Centimeter Waves Propagating in a Turbulent Atmosphere ................ 
Ya.D. Shirman, Statistical Analysis of Optimal Resolutions... eee 
G.D. Malyuzhinets and L.A. Vaynshteyn, Transverse Diffusion in Diffraction by an 
Impedance Cylinder of Large Radius. PartI. Parabolic Equation in Ray Coordi- 
hh ae arene Serrano ROH sb aA 6 Geo 0 oD oO oe oe 
M.D. Khaskind, Excitation of Waves onanImpedance Plane.............+.+.+.+-- 
B. Ye. Kinber, Diffraction of Electromagnetic Waves by Concave Surface of Circular 
Cylinders ais. 6 See a a eo be ew os oe an iene altar scanning aes nen en 
R.B. Vaganov and V.V. Meriakri, Suppression of Resonance Phenomena in Multimode 
Waveguides wits lesa se ol are vee ed ok a eile cot Site en teri «eye eene Ie Riee 
P,P. Pavlov, Electromagnetic Field and Distribution of Current along an Infinitely 
Long Insulated Wire in a Conducting Medias seas meuecnene i eeneaeneninen nar aaa 
S.I. Viglin, Transient Characteristics of Coaxial System with Periodic Structure .. . 
A.B. Lazarev and G.F. Filimonov, Static Characteristics of a Plane Magnetron, ..: . 
G.A. Postnov, Possibility of Existence of Slow Waves in anIsotropic Plasma Waveguide 
G.P. Apushinskiy, Concerning the Sensitivity of Radiometers................ 
Z.S. Gribnikov, B.N. Kompanand L.V. Svyatogor, Investigation of Field Effect Tran- 
SISCONS 5 6 6 ecece Fe Eo eB ce eres sce 7s. Gea) enon eee cio ae one 
M.I. Yelinson, F.F. Dobryakova, etal., On the Theory of Field Emission and 
Thermionic Field Emission of Metals and Semiconductors..............s.. 
Sh. M. Kogan, Thermal Radiation Produced by Hot CarriersinSemiconductors ...... 
G.B. Der-Shvarts, Yu. M. Kushnir, et al. , Certain Problems of Reflex Electron 
Microscopy, 2. 6% sa we gales bce @ we gee) 6 ieby uci eer nee 
V.N. Vertsner, V.G. Nikiforova, et al., The EM-6 Light-Electron Microscope. 
- Ya. Berlaga, P.P. Konorov, M.I. Rudenok, Electron-Microscopic Investigations 
of Germanium Surface 3, 2.64.05 05. & «wie 3 eee 
.N. Pilyankevich, Calculation of the Characteristics of Scattering of Medium- 
Energy Electrons on Free Atoms ....... earrerermiret arin Gon os 6 6 o-oo 
.A. Stoyanov, N.M. Grishina, Elimination of Astigmatism of the Intermediate Lens 
of an Electron Microscope with the Aid of a Stigmator During Microdiffraction 
-A. Stoyanov, Alignment of an Electron Microscope by Means of Electromagnetic 
FICldS ow 6 ese oe cn eg cee ee ho ee 5 eee he eee 
Yu. V. Vorob'yev, Analysis of Aberrations Due to Defects in Manufacture andin Align - 
ment of Electron Microscopes 
BRIEF COMMUNICATIONS 
A.V. Prosin, On the Calculation of the Bandwidth in UHF Tropospheric Scatter 
Propagation. oes ie oy & whales coe wk wee oes Sg ule ei one ee 
B.M. Minkovich, Yu.1. Davidchevskiy, On the eo of an Antenna with Circular 
ae te sy ja WS. 9) Seve Wnagi a's ois, eee Teme 


elt ~ Pyshey Thea ges 


i ee ee ee ee ee ee en ewe th RY es, OO A a re ce 


i ee ee) meet Meee ero Oo OOo Con aes AO es 


CHRONIC LE 


A. a Yasnopol'skaya, et al., Joint Seminar on Cathode Electronics (Nineteenth 
ession) 


1961 


1083 
1091 
1098 
1106 
aa lali7/ 
1130 
1139 
1148 
1161 
1169 
1176 
eo) 
1181 


jG) 
1201 


1204 
1209 


1214 
1217 
1220 
1225 


1229 


1234 


1237 
1239 


1243 
1245 


1247 


1249 


1251 


se 


